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Abstract

We introduce a scalable and broadly applicable method for computing global
solutions of dynamic stochastic models. Tensor train approximation (TTA) iden-
tifies latent low-rank structures in high-dimensional functions, thereby capturing
complex non-linearities while mitigating the curse of dimensionality — the num-
ber of parameters grows only linearly in dimension. We show that our TTA ap-
proach can accommodate irregular ergodic sets, is compatible with the endoge-
nous grid method, enables quasi-analytical expectations, and supports spectral so-
lutions of continuous-time models, all in high dimensions. We demonstrate TTA’s
scalability by solving multi-country models of growing dimension with only mod-
erate increases in compute time and no loss of accuracy. We show TTA’s versatility
in heterogeneous-agent models with large aggregate shocks. To approximate the
wealth distribution efficiently, we introduce a simulation-based moment-selection
procedure. In a model with stochastic wealth taxation, using the first nine selected

moments, instead of mean wealth only, reduces approximation errors tenfold.
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1 Introduction

Macroeconomic research has, over recent decades, increasingly focused on the role of
heterogeneity, thereby dramatically raising the complexity of solving the respective
models. As a result, most studies have relied on perturbation techniques for aggregate

dynamics.!

While relatively simple and light on computations, perturbation meth-
ods suffer from limited accuracy beyond the neighborhood of the expansion point.
Global solution approaches do not, but face the curse of dimensionality. Recent ad-
vances in overcoming that challenge fall mainly into two categories, sparse grids and
neural nets.? Yet, no single dominant technique has emerged due to inherent trade-
offs. Sparse grids, while robust and effective in medium dimensions, require too many
points in high dimensions and lack flexibility in fitting ergodic sets. Neural networks,
in contrast, are flexible and scalable, yet prone to overfitting and fragile convergence
behavior.

This paper introduces a novel approach for solving high-dimensional economic
models which builds on the tensor train decomposition of Oseledets (2011). Tensor
train approximation (TTA) enables the use of tensor product bases in high-dimensional
approximation despite the exponential growth in the number of their basis coefficients.
It does so by approximating the d-dimensional tensor of basis coefficients by d sepa-
rate 3-dimensional tensor cores, thereby reducing parameter growth from exponential
to linear. TTA exploits latent low-rank structures in the basis coefficients of the ten-
sor product basis and can robustly and efficiently be implemented with an alternating
least squares (ALS) scheme.

The resulting framework features three key strengths in solving dynamic stochastic
models. First, it is grid-free and highly flexible, allowing for arbitrary ergodic sets and
the application of the endogenous grid method (EGM) in high dimensions. Second,
it admits analytic integration and differentiation, enabling fast and exact computation
of expectations as well as spectral solutions of continuous-time models. Finally, TTA
works, in principle, with any type of basis functions, which can thus be chosen to best
tit policy or value functions in specific applications.

Compared to sparse grids, TTA offers much greater flexibility as it is not restricted
to regular grids. Compared to neural networks, its low-rank structure often delivers
comparable approximation accuracy with fewer effective degrees of freedom, which

reduces the risk of overfitting, noisy solutions, and unstable convergence behavior.

1For discrete-time linearizations, see Reiter (2009), Auclert et al. (2021), and Bayer and Luetticke
(2020). In continuous time, based on Achdou et al. (2021), Ahn et al. (2018) provide linearizations of the
Kolmogorov Forward Equation. A growing literature explores higher-order perturbations, including
Bilal (2023), Bhandari et al. (2023), and Bayer et al. (2026).

2Brumm et al. (2022) and Fernandez-Villaverde et al. (2024) review the literature on solving dynamic
economic models using sparse grids and neural nets, respectively.



Compared to both approaches, TTA can approximate economic policy functions more
efficiently, in particular when these functions exhibit low-curvature regions, smooth-
ness, or limited cross-dimensional interactions.

To demonstrate the flexibility, efficiency, and scalability of TTA in solving dynamic
economic models, we apply it to the international real business cycle (IRBC) model as
specified in Brumm and Scheidegger (2017). We first embed TTA in a standard time-
iteration algorithm and show that this simple approach already scales favorably. We
also show how accuracy is driven by the order of basis functions and by the ranks
of the tensor cores, which govern interactions across dimensions. By increasing ba-
sis order and ranks, accuracy can be improved by several orders of magnitude. We
then unleash TTAs’ full potential by combining it with a high-dimensional endoge-
nous grid method and by enabling the quasi-analytical evaluation of expectations. For
the smooth version of the model we use a polynomial basis, which turns out to de-
liver high accuracy at modest polynomial order. For the non-smooth version, with
occasionally binding irreversible-investment constraints, we employ a piecewise lin-
ear hierarchical basis. In both model versions compute time increases only by two
orders of magnitude between the 11- and 51-dimensional cases, while the average Eu-
ler error remains well below 0.001% (0.01%) in the smooth (non-smooth) case.> The
IRBC model thus highlights both the excellent scaling properties of TTA and the addi-
tional gains made possible by quasi-analytical computation of expectations and by the
high-dimensional endogenous grid method.

To illustrate the broad applicability of TTA, we also apply it to heterogeneous-agent
models in continuous time. To ensure that the wealth distribution — the primary
source of multi-dimensionality in these models — meaningfully affects household de-
cisions, we introduce large wealth-tax shocks. In the absence of these shocks, the mean
suffices to summarize the distribution. However, after introducing a stochastic wealth
tax of 10% or 20% occurring with a 2.5% probability per quarter, reasonable accuracy
can only be maintained if additional moments are incorporated. We do so by using
a novel a posteriori model reduction procedure, based on dynamic mode decompo-
sition, and find that the moments identified this way substantially reduce the errors
in the master equation. Going from the three-dimensional specification to the eleven-
dimensional specification — from one distributional moment to nine moments — re-
duces the average error by one order of magnitude. The heterogeneous agent applica-
tion demonstrates two key insights. First, TTA can effectively handle the workhorse

3By comparison, it is very hard to bring errors down to such levels with (adaptive) sparse grids, see
Figures 8 and 11 in Brumm and Scheidegger (2017). Moreover, sparse grids require (even when only a
level three grid is employed) an increase in computation time of more than four orders of magnitude for
such an increase in dimensionality, see Figure 15 in Brumm and Scheidegger (2017).



models of modern macroeconomics, even in the presence of large aggregate shocks.
Second, TTA enables spectral solutions of continuous-time models.

All in all, the different applications presented in this paper demonstrate that TTA
is a scalable, flexible, and broadly applicable method to compute accurate global so-
lutions of high-dimensional dynamic stochastic models. We believe that TTA adds a
great new tool to macroeconomists’ toolbox. It may emerge as the most efficient and
practical approach for many applications, particularly those that require global ap-
proximation yet also feature latent low-rank structure, which TTA can exploit more
effectively than competing global methods.

Related Literature. This paper connects to two strands of the literature. The first is
on global solution techniques for high-dimensional economic models, including het-
erogeneous agent models; the second is on tensor-decomposition methods in general,
and on the tensor train decomposition in particular.

Recent advances in global solution methods for high-dimensional dynamic stochas-
tic models fall mainly into two categories, sparse grids and neural nets. Sparse grids
significantly mitigate the curse of dimensionality by reducing the exponential growth
of grid sizes. Krueger and Kubler (2006) introduce sparse grids with polynomial basis
functions to economics and Judd et al. (2014) extend this framework by incorporating
anisotropic grids and adaptive domain selection. Brumm and Scheidegger (2017) fur-
ther advance the method by employing hierarchical basis functions and enabling local
adaptivity, while Schaab and Zhang (2022) apply adaptive sparse grids to continuous-
time models.

A growing literature applies machine-learning techniques, and neural networks in
particular, to approximate value and policy functions in dynamic economic models.
Maliar et al. (2021) and Azinovic et al. (2022) show that deep neural networks can be
trained to solve Bellman equations and first-order equilibrium conditions in discrete-
time models with high-dimensional state spaces. Ferndndez-Villaverde et al. (2020),
Gopalakrishna (2021), and Sauzet (2021) develop neural-network and projection-based
methods for solving continuous-time models. Deep-learning methods have enabled
quantitatively rich applications across economics, including household finance (Gorod-
nichenko et al., 2021), asset pricing and intergenerational risk sharing (Azinovic &
Zemlicka, 2024), macro-finance (Gopalakrishna et al., 2026), optimal monetary policy
(Nurio et al., 2024), and climate economics (Folini et al., 2025).

When it comes to heterogeneous-agent models with aggregate risk, a key challenge
is that the aggregate state includes the cross-sectional distribution of agents. Han et al.
(2021) jointly approximate value functions and learn low-dimensional moments of the
distribution. Gu et al. (2024) solve continuous-time heterogeneous-agent economies
by approximating the master equation with neural networks while retaining a finite-
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dimensional representation of the distribution. Kase et al. (2022) use neural networks
to solve and estimate nonlinear heterogeneous-agent New Keynesian models, while
Payne et al. (2025) develop a deep-learning approach for search-and-matching models
with heterogeneous agents and aggregate shocks.

A recent strand of the literature sidesteps the challenge of approximating the cross-
sectional distribution of agents by approximating individual choices as functions of
states other than the natural recursive state of the model. Azinovic-Yang and Zem-
licka (2025) develop a deep-learning method for approximating rational-expectations
equilibria using histories of aggregates. Yang et al. (2025) propose a structural deep-
reinforcement-learning approach in which agents learn equilibrium dynamics from
prices rather than from an explicit law of motion for the full distribution.

Our work is also related to the earlier heterogeneous-agent literature on reducing
the dimensionality of the distributional state. Krusell and Smith (1998) show that, in
some heterogeneous-agent economies, a small set of aggregate moments can forecast
equilibrium prices and aggregate dynamics with high accuracy. Ahn et al. (2018) pro-
vide a more systematic model-reduction approach for linearized heterogeneous-agent
models. In contrast to these and other a priori approaches, we develop an a poste-
riori, simulation-based model-reduction method that identifies low-dimensional state
variables from simulated distributional dynamics.

The second strand of the literature to which this paper contributes concerns tensor
train (TT) methods for high-dimensional problems.* Following the seminal work of
Oseledets (2011), the TT decomposition has gained significant attention as a tool for
representing high-dimensional tensors with linear scaling in dimensionality. Holtz et
al. (2012) propose the efficient and numerically stable ALS algorithm for optimization
problems in the TT-format that we employ. Grasedyck and Kramer (2019) study op-
timal rank selection for tensor decompositions, offering complementary strategies to
enhance the convergence and stability of ALS-type methods. Gorodetsky et al. (2019)
develop a continuous analogue of the TT decomposition, enabling the representation
of multivariate functions rather than discrete arrays. Bigoni et al. (2016) introduce a
spectral tensor train decomposition that combines the TT structure with spectral poly-
nomial approximation, further improving accuracy in function approximation. Recent
work has applied TT techniques to the solution of high-dimensional PDEs and control
problems. Dektor et al. (2021) develop a rank-adaptive method that combines func-
tional TT expansions with a dynamic algorithm that adjusts ranks during time inte-

gration. Dolgov et al. (2021) apply TT methods to solve high-dimensional Hamilton-

4Recent work by Dennis (2026) also applies tensor-train decomposition methods to dynamic eco-
nomic models, yet in a manner that is complementary to our approach in several respects. Most impor-
tantly, his method is grid-based and requires more demanding local solves to optimize the tensor train
parameters, which appears to result in less favorable scaling properties than in our framework. This is
reflected in the fact that his analysis is limited to models with up to about ten dimensions.
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Jacobi-Bellman equations, demonstrating their potential in optimal control problems.
Richter et al. (2021, 2024) extend TT-based solvers to parabolic PDEs and compare their
performance favorably to neural network-based approaches, emphasizing robustness
and interpretability. Bachmayr (2023) offers a comprehensive review of low-rank ten-
sor techniques, including TT formats, covering theoretical underpinnings, numerical

algorithms, and applications to PDEs and high-dimensional optimization.

2 Tensor Train Approximation

This section explains how to approximate multi-dimensional functions via TTA. First,
we show how to write the coefficients of a tensor-product basis for approximating d-
dimensional functions as an order d tensor. Second, we demonstrate how to alleviate
the curse of dimensionality by approximating the latter with a so-called tensor train
composed of d different order three tensors. Third, we provide an ALS algorithm for
computing the coefficients of such a TTA efficiently and robustly. Finally, we point out
that derivatives and integrals of TTAs can be computed analytically. In Appendix A.2,
we show that the least-squares approximation problem solved by the TTA algorithm is
a special case of a broader class of quadratic problems that can be minimized efficiently
using ALS. In Section 4, we construct another special case of this class in the context of

solving master equations.

2.1 Tensor Representation of Basis Coefficients

To approximate a multi-dimensional function, f : R* — R, d > 1, a natural approach is
to write it as a sum of products of one-dimensional basis functions. Assuming, for ease
of exposition, that all dimensions are treated equally, we allow for m one-dimensional
basis functions, ¢, ..., ¢, where ¢; : R — R. Thus, to approximate f at x € RY,
denoted by F(x), we evaluate m - d basis functions ¢;,,...¢;, with i = 1,...,m and
k=1,...,d.° Tomap these basis functions to the corresponding scalar F(x), we define
an order d tensor A containing all basis coefficients. An order d tensor is a multidimen-
sional generalization of a matrix. The entry A[i; ...i;] indicates the weight by which
the product of the respective basis functions contributes to the value of F(x):

.F(X) = Z Z A[il,...,id] -4)1-1(x1) -...-(j)id(xd). (1)
o T |

°In the applications below, we use polynomial basis functions and piecewise linear hierarchical basis
functions.



As A contains weights for all combinations of bases ¢, ..., ¢, across d dimensions
it consists of m“ entries and is thus clearly susceptible to the curse of dimensionality.
Computing all its entries becomes rapidly infeasible as d increases. However, doing
so might not be necessary for achieving an accurate approximation. Instead of using
A in its entirety, we can employ a lower-dimensional object to approximate it. This
is exactly what TTA does, as we explain next. Of course, such an approach is only
promising if A possesses a latent low-rank structure. In economic applications this is
often the case, as the applications in Sections 3 and 4 show.

2.2 Tensor Train Format

Following Oseledets (2011), we approximately factorize an order-d tensor A into a
product of d order-three tensors W', each of size ri_yxmxrifori=1,...,d, where the
intermediate ranks satisfy r; > 1 and the boundary ranks are ry = r; = 1. Accordingly,
we suppress g and r, in the notation below. We call 7 = (W', ..., W%) the tensor-train
decomposition of A, and each W' a tensor core, or wagon, of the train:

nj i) ja—2ia—1ja—1 " Ja-1ia

Az(W-l W2, we] W >i1...1~d' )

The ranks govern the size of the cores and control the dependencies between them.
TTA approximates each entry of A through a chain of contractions over the interme-
diate indices linking consecutive cores. To define how exactly it does so, we employ
the so-called Einstein convention, summing over repeated indices and letting the free
indices determine the output tensor’s shape.®

Supposed = 3, m = 3, r = 2, then we are contracting a 3 x 2 matrix witha2 x 3 x 2
tensor to obtain a 3 x 3 x 2 tensor, which we then contract with a 2 x 3 tensor to obtain
a3 x 3 x 3 tensor.” In this small example, the tensor train has 24 free parameters, just
slightly less than the 27 of A. Yet with d = 10, m = 3, r = 2, the tensor train format
already reduces the degrees of freedom from 59.049 to 108. In general, when all basis

orders equal m as assumed above® and the ranks satisfy 7, < r, the number of free

®We use the notation as follows: For all tensors involved in contraction we explicitly denote their
dimension indices. If an index present in the original tensors is missing in the result, this implies sum-
mation over that index. For example the contraction of two consecutive cores is written as

2
Uljr, iz, i3, ja] = (W]%im 'Wj32i3j3)].1i2i3].3 (112,13, j3] = ‘21 Wi, [ iz j2] - Wi [i2, 13, 3]
2=

Indices in brackets signal specific entries of the tensor, while indices in lower-subscripts denote all en-
tries over this dimension of the tensor.

7Unless stated otherwise, scalar notation for m and r indicates that these quantities do not vary across
dimensions, except for ryp = r; = 1.

8Note that basis order m need not be uniform across cores for the method to work. In some of the
applications below, basis order will vary across dimensions.
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Figure 1: Tensor Train Formulas and Diagrammatic Notation

A~ (W}l;l W2, Wfi—lid)il...id FoT) = (Wl-llhgl)(xl)il)h.,..- (V"fi,1id‘/’(xd)fd)jd,l
w! r1 W? rp rq—1 ’ ' 1 w2 r2 Td—1 we
Tml Tmz my Tml Tmz mg
¢(x1)  ¢(x2) P(xq)
(a) TT-Decomposition of A (b) TT-Approximator JF(x; T)

Diagrammatic tensor-train notation of the coefficient tensor A in tensor-train form on the left and of the
tensor-train approximator F(x; 7) on the right. The latter is obtained by contracting the same chain with
the local basis vectors ¢(x). Filled nodes denote tensors, with W!,..., W* representing the TT cores.
Edges denote tensor indices; connected edges indicate contractions. In particular, horizontal edges carry
the TT ranks ry, while downward edges correspond to indices of order .

parameters of the TTA 7 is bounded by dmr? as compared to m? for A. Thus, the TTA
approach alleviates the curse of dimensionality: with fixed m and r, the number of
parameters grows linearly instead of exponentially in d. Given a tensor train 7, we

can express an approximator of f as follows:

F(T) = <Wz%j1 "P(xl)ld)]. ' <vvj21i2j2 ) (P(xZ)iz) cL e (W]i_lid ) (P(xd)id> RN €€
1 2 Ja—1

Thus, in each dimension ¢ we evaluate the basis functions, obtaining the vector ¢(x;) =
(¢1(x0), - .., ¢m(x;)), which we then contract with the core W’ resulting in an order-
two tensor, except in case of / = 1 or /{ = d where we get an order-one tensor. These
d tensors are then contracted successively with each other to finally obtain the scalar
F(x; T). Evaluations of the approximator are of computational complexity O(mdr?);
thus, function evaluations scale efficiently in dimensions d. To provide intuition for
TTA, we complement the notation-heavy formal equations with diagrammatic illus-
trations frequently used in the tensor-train literature. Figure 1 presents a diagram-
matic representation of both the decomposition of A and the tensor-train approximator

F(x;T); we return to the same visual style later to illustrate additional concepts.

2.3 Optimizing Tensor Trains — The TTA Algorithm

We now present an algorithm for TT-based function approximation. It computes a TT
T such that F(x; T) fits the sample points {(x",y")}N | € R? x R in a least squares
sense. We first formulate the associated least-squares problem and then introduce the
alternating least squares (ALS) scheme for solving it. We denote the resulting TTA with
basis orders m and ranks r by 7 = A (m, r, {x", y”}f;[:l). For notational convenience,
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we later use the shorthand notation TTA ({x",y"}\_ ) = F (-; A (m,r, {x",y"}N)),
omitting the parameters m and r for brevity.

For given basis order m and rank r, we fit the TTA approximator F (x; 7') by choos-
ing a tensor train 7 = (W',..., W%) to minimize the regularized least squares error on

the sample set {(x",y")}V_,:
1 dy(2 : k|2
| min ZH!/ FhWho WOl +A Y (W, (4)
wi N ; k=1
where A is a regularization parameter, and || - || is the Frobenius norm. In the above

problem the coefficients of different cores interact multiplicatively making the global
problem non-convex. Following Holtz et al. (2012), we use an alternating least-squares
(ALS) scheme to circumvent this problem. Fixing all cores except one, WX, makes the
mapping from W to F(x;; W1,...,Wk,...W%) linear, so finding the optimal W re-

duces to a simple least-squares problem:

Hvlvl,{INZHy Fl W WE WG+ AL W7 )
Exploiting this insight, ALS sweeps over the cores, left to right, and back, solving the
local subproblems until convergence. Figure 2 illustrates a single sweep of the ALS
algorithm using our graphical notation.

In practice, the ALS algorithm requires two additional ingredients: vectorization
and orthonormalization, which we only sketch here and describe in detail in Appendix
A.1. Vectorization forms the local subproblems by fixing all cores except W and con-
tracting the off-dimensions, so that the approximation depends only on W, This re-
duces the problem to an order-three tensor and, after reshaping, to a small linear sys-
tem; the required contractions can be computed efficiently using left and right stacks.
Each local solve is then followed by an orthonormalization step, in which a matri-
cization of the updated core is decomposed into an orthonormal factor and a residual
factor. The former becomes the new W¥, while the latter is absorbed into the next core,
preserving the overall solution, maintaining orthonormality in the off-dimensions, and

improving numerical stability.

2.4 Analytic Differentiation and Integration

As it will become extremely useful below, we now point out that function representa-
tions in TT-format admit efficient rules for differentiation and integration. Let F(x; T)
be a TT approximator, and let ﬁkk—l and R;-‘k be the left and right stacks obtained by
contracting all cores except the k-th with the local basis evaluations as formally de-



Figure 2: Visualization of an ALS Iteration

W2 rg_qg WA wi W2 r
! 2 2 T Z L AN T
i [ ICRRCIRE s
1 2 d 1 2 d
4 1 I//V)\ 72 ra—1 W W r KV\ 72 ra—q V.
| R (VS (T R
A7l d 1 Ard
VY 1 2 Ta—1 W W 1 2 Td—1 W
T | Toa | o T
A7l 2 d 1 2 Ard
W rn Vo raa W Worn Vo raa W
A7l A2 d A2 Ard
VY r va\ ) Ta—1 W " va\ 2 Td—1 W
[ T | o I
First Half Sweep Second Half Sweep

Mlustration of one sweep of alternating least squares (ALS). A forward (left-to-right) half-sweep de-
picted on the left followed by a backward (right-to-left) half-sweep depicted on the right. Hollow
nodes indicate the yet-unknown subproblem solution at the current position; filled nodes indicate the
just-solved subproblem; an upward (downward) sloping texture marks a right- (left-) orthonormal core.

fined in Appendix A.1. We can then take the derivative of F(x; 7) with respect to xi
by replacing the basis vector in dimension k with its derivative, and contract the cores
in the standard way:

o"F (X,' T) k k k

dxy =L Wi (aZk(P(xk))ik Ry ©6)
To calculate the indefinite integral of F(x;7") with respect to x; one simply replaces
the basis vector in dimension k with its anti-derivative:

JFeTdn=cf W (fedn) RE +Cr, @
where C(x_j) is the integration constant that may depend on all variables except x.
Definite integrals are obtained analogously. The formulas in (6) and (7) show that, pro-
vided the basis functions admit analytic differentiation and integration, partial deriva-
tives and one-dimensional integrals can be computed at the same cost as an ordinary
function evaluation. This fact will prove extremely useful in two respects: First, it will

allow us, in Section 3, to compute expectations in high-dimensional models both accu-
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rately and efficiently. Second, it will allow us, in Section 4, to solve partial differential

equations as apparent in continuous-time heterogeneous-agent models.

3 Solving High-Dimensional Models with TTA

To demonstrate the accuracy and scalability of TTA, we apply it to the international
real business cycle (IRBC) model as in Brumm and Scheidegger (2017). After briefly
describing the model, we introduce our solution strategy in two stages. First, we in-
sert TTA into a standard time iteration routine and show that it works out of the box
as a drop-in replacement for existing approximation methods. Second, we exploit ad-
ditional structure offered by TTA to improve performance: we show how the tensor-
train representation enables quasi-analytic computation of the high-dimensional ex-
pectations in the Euler equations and how it can be combined with a high-dimensional
version of the endogenous grid method (EGM). We then report accuracy and scaling
results for this enhanced algorithm in both the smooth IRBC specification and a non-

smooth variant with occasionally binding constraints.

3.1 IRBC Model

Physical Economy. The model features M countries, indexed by j = 1,..., M, each
utilizing its capital stock to produce output via Cobb-Douglas production with fixed
labor supply. The output good can be used as either consumption, ¢;, or investment, x;.
Consumption generates utility through an additively separable utility function with
discount factor B and per-period utility function of the CRRA type with risk aversion
1/}, varying across countries. Investment is subject to adjustment costs k; - ¢ - g]Z/ 2,
where ¢; = k;. /kj —1and ¢ > 0. Capital depreciates at a rate 6 > 0. Countries’
productivity is given by

Ina; = plna; +o(e; +2'), (8)

where the country-specific shocks, e;, and the global shock, 2/, are assumed to be stan-
dard normal shocks that are independent both across time and from one another. We
parameterize the model as in Brumm and Scheidegger (2017), except for the depre-
ciation rate, which we set equal to 0.5% (instead of 1%) to make the irreversibility
constraints in the non-smooth model more frequently binding in simulations. All pa-
rameters are reported in Table 4 in Appendix B. Details of the non-smooth model are
described in Appendix B.2.

Complete Markets. Following Kollmann et al. (2011) and Brumm and Scheidegger
(2017), we assume complete markets. This assumption implies that the decentralized
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competitive equilibrium allocation can be characterized as the solution to a social plan-
ner’s problem. Subject to aggregate resource constraints, the planner maximizes the
weighted sum of country-specific utilities, where each country’s utility is weighted by
Tj, a welfare weight that depends on its initial capital stock.

Recursive Equilibrium Conditions. The equilibrium conditions in each period con-

sist of the optimality conditions for investment in each country’s capital,

A1+ yg] = BE; {A’ {a;Ag(k;)é_l+1—5+%g}(g}+2)} } ji=1...M, (9

and the aggregate resource constraint, given by

o L A

j=1

These equations jointly determine the capital choice of each country j, k;., and the La-
grange multiplier on the resource constraint, A. For the derivation of these conditions,

see Brumm and Scheidegger (2017).

3.2 Simple Solution Approach

This section presents a simple TTA-based solution strategy, intentionally leaving aside
several more advanced capabilities that TTA makes possible. We introduce those fea-

tures in the next section as powerful extensions of the baseline approach.

A Simple TTA-Algorithm. The recursive state of the economy
y:(kl,...,kM,[ll,...,aM)EYC]RZM, (11)

consists of the country-specific capital stocks k;, and productivities a;. The policy we

solve for consists of the capital choices k} and the Lagrange multiplier A:

p:Y =R p(y) = (Ki(v), ..., Kuy), A(y)) . (12)

A recursive equilibrium consists of a policy function p and an ergodic set £ C Y, such
that (i) policies satisfy the equilibrium conditions on the ergodic set and (ii) simulating
the policies generates the ergodic set. Corresponding to conditions (i) and (ii), the algo-
rithm consists of two loops, with the inner loop computing policies that approximately
satisfy optimality conditions (9) and (10) on a set of sample states S using time itera-
tion. The outer loop, once the inner loop converged, simulates the model to update the

12



Figure 3: Simple Solution Algorithm

Time Iteration

Compute E;
numerically

Fix state y; € S, policy p™, ]
and guess p; = (k};, ..., Ky, Ai) J

using p*

T start procedure |
Vi=1,...,N :

Update collect Compute residual Update ou ‘
pT=TTA({y; pi}Y,) |_ solution Vi in eq. conditions paate guess pi
\ * Solve M-+1-dimensional equilibrium conditions
A
' Simulation r
Policy J Yeir1 = pye) ] R Ergodic STet
p L t=1,...,T J S ={yt}i—

Visualization of the simple solution algorithm. Given a sample set of size N < T (approximating the
ergodic set) and a guess for the policy function, the algorithm iterates on candidate policy values until
the equilibrium conditions are satisfied. Expectations are computed with a monomial quadrature rule,
and the resulting residuals are used to update the policy guess. Once solutions at all sample points are
obtained, the policy function is re-approximated using TTA. This procedure is repeated until the policy
function converges. The converged candidate policy is then used to simulate the model for T periods
and to update the sample set. The algorithm continues until both the policy function and the simulated
sample set have converged.

set S to get closer to the ergodic set. Figure 3 illustrates this algorithm and Appendix
B.3 provides a detailed description. Note that this approach is only possible as ap-
proximation via TTA can operate on irregular datasets. In high dimensions it becomes
increasingly inefficient to approximate equilibrium functions on hypercubes envelop-
ing the ergodic set, as the ratio of volumes between ergodic set and hypercube declines
drastically with dimension. Moreover, the corners of the hypercube represent extreme
conditions with zero probability that unnecessarily require substantial non-linearity in
the approximation.

To measure the accuracy of the solution, we follow the standard approach of com-
puting unit-free (relative) Euler equation errors for each of the M countries, as well as
an error for the aggregate resource constraint. These measures reflect how closely the
numerical solution satisfies the model’s equilibrium conditions. Details on the Euler
equation errors are relegated to Appendix B.1.

The Role of Ranks and Bases. To study how approximation quality and compu-
tation time depend on the tensor-train rank and the basis order, we now vary those
crucial parameters of TTA while holding the dimensionality of the problem fixed. We
focus on the case with M = 5 countries, i.e., a ten-dimensional state vector. We vary
the rank r € {2,3,4,5} and the basis order m € {2,3,4,5} independently, and set the
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Table 1: Approximation Error and Computation Time by Basis Order and Rank.

m =2 m =3 m =4 m =35

-3.26(-2.16) -4.32(-3.27) -4.36(-3.26) -4.29(-3.20)
t=014  +=038 t=0.77 t=1.11

322(-2.11) -4.59(-3.49) -4.63(-3.56) -4.79(-3.73)
t =0.61 t =100 t =231 t=3.19

324(2.13) -4.73(-3.64) -4.82(-3.77) -4.93(-3.88)
t =128 t=269  t=5.16 t=7.69

324(-2.12) -4.81(-3.72) -4.98(-3.91) -5.06(-4.02)
t =253 t=6.14 t=964 t=1544

rT=235

This table reports the average error and the 99th-percentile error (in brackets) both in log;, units, to-
gether with computation times expressed relative to the benchmark specification (r,m) = (3,3), for
different combinations of tensor-train rank r € {2,3,4,5} and basis order m € {2,3,4,5}. All results are
obtained from the model with M = 5 countries, implying a ten-dimensional state vector.

sample size to 100 mr2d to keep the ratio of sample points to parameters approximately
constant. Table 1 reports the average error, the 99th-percentile error, and computation
time, with runtimes expressed relative to the benchmark specification (r,m) = (3,3).7
Accuracy improves markedly as we move along the diagonal from simpler to richer
specifications, that is, from (r,m) = (2,2) to (5,5). Along this sequence, both the
average error and the 99th-percentile error decline steadily by about two orders of
magnitude in total. The largest improvement occurs when moving from (2,2) to (3, 3),
while subsequent increases deliver more moderate gains. More generally, increases in
basis order m or rank 7, holding the other fixed, tend to improve accuracy, although the
pattern is not fully monotone throughout the table. Computation time rises with both
m and r. Relative time increases from 0.14 at (2,2) to 15.44 at (5,5). The effect of the
rank is stronger in comparison to the basis order, as the number of tensor-train param-
eters, and hence the cost of the underlying linear-algebra operations, grows roughly
quadratically in r and only linearly in m.

Scaling with the Simple Solution. In the second exercise, we scale the state-space
dimension from d = 10 to d = 26 and examine how computation time and solution
accuracy change. Throughout, we fix the tensor train architecture at basis order m = 3
and rank r = 3. To keep the problem comparable across dimensions, we keep on
setting the sample size to 100 mr2d. Table 2 reports computation time normalized by
the five-country model (d = 10), along with the average and 99th-percentile errors. As

%In our benchmark implementation, the simple solution requires 7,727 seconds on 51 Intel Xeon Plat-
inum 8358 CPUs, whereas the sophisticated solution in Section 3.5 completes in 334 seconds. Note,
however, that the two numbers are not directly comparable due to differing sample size and simulation
length.
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Table 2: Approximation Error and Computation Time by Dimensions.

d 10 14 18 22 26

Q99 -347 -355 -3.60 -3.66 -3.69

AVG -456 -4.68 -473 -4.82 -4.86

Time 1.00 229 487 944 17.50

This table reports average (AVG) and 99th-percentile (Q99) errors in log;, units. It also reports compute
times normalized by the d = 10 case. The basis order and tensor-train rank are fixed at (m,r) = (3,3).

dimension increases, runtimes grow only moderately — by a factor of 17.5 when going
from d = 10 to d = 26 — and clearly sub-exponentially. At the same time, accuracy is
stable and even improves slightly in both the mean and the upper tail.

The results for the simple solution are already very promising, although the ap-
proach does not make use of several refinements that can substantially reduce com-
putation time and, in some cases, improve accuracy. Most importantly, evaluating
expectations entails a trade-off between integration precision and computational ef-
fort: the monomial rule used here requires 2(M + 1) function evaluations per point yet
delivers only modest accuracy. At the same time, the time-iteration procedure relies
on Newton-type methods to frequently solve a nonlinear system of size M + 1 that be-
comes increasingly challenging as M grows. In the next subsections, we address both
bottlenecks, which allows us to tackle substantially higher-dimensional specifications.
Section 3.3 shows how expectations can be computed quasi-analytically, and Section
3.4 shows how time iteration can be replaced by multi-dimensional EGM — both with
the help of TTA.

3.3 Quasi-Analytic Expectations with TTA

When solving high-dimensional dynamic stochastic models, not only function approx-
imation but also the computation of expectations poses a formidable challenge. In case
of the IRBC model, the M + 1 dimensional integral in equation (9) has to be com-
puted. Previous papers solve the high-dimensional IRBC model either by resorting
to compute-intense Monte-Carlo integration or by employing monomial rules, which
exhibit polynomial growth in the number of dimensions (see Kollmann et al., 2011).
Quadratically growing monomial rules achieve decent accuracy at the expense of be-
coming too compute intensive at medium scale already, while monomial rules that
grow only linearly (as used in Section 3.2) lack accuracy.!’ Due to the stark trade-off

19Employing such a monomial rule in both the time iteration and the error evaluation step, Brumm
and Scheidegger (2017) deliberately sidestep the challenge of computing accurate high-dimensional ex-
pectations to focus on high-dimensional function approximation.
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between speed and accuracy in high-dimensional numerical integration, an approach
that allowed for calculating expectations analytically would be very welcome. Such an
approach would not only be computationally efficient, it would also achieve greater ac-
curacy by integrating over the entire distribution rather than relying on a finite number
of evaluation points. TTA allows for such an approach, as we now show.

Integration across the dimensions of a tensor train can be performed analytically, as
detailed in Section 2, by substituting the basis functions of the relevant dimension with
their anti-derivative. However, this property alone does not fully resolve the expecta-
tions problem, since expectations are not simply integrals over policy functions — as
can be seen in equation (9). To address this complication, we proceed in three steps.
First, instead of using the natural recursive state of the economy, capital stocks, k]-, and
productivities, a;, of all countries, we use the following slightly different specification
for the state:

x= (k... ka1, ...,d4p,2) € X C RPMHL (13)

where i; = Ina; — 0z is the log-productivity of country j before the impact of the global
shock, z, is taken into account.!! Second, we define the term inside the expectations

operator in country j’s Euler equation, which we refer to as the expectations term,
ni(x') = A {a;Ag(k;)é_l +1 —5+%g}(g}+2) , (14)

so that expectations can be computed as

Bl = [ [ f@lomar,e) . fl@loinay, o) £(2]0,1):

nj(Ky, .. K dy, Gy, 2 A2, dy),

(15)

where f(-|p,¢) denotes the probability density function of a normal distribution with
mean y and standard deviation ¢. In the third step, we perform a change of basis for
the individual productivities @}, . . ., @), and the global shock z’. Specifically, we replace
the polynomial basis functions ¢(¢) with a precomputed "expectations basis", given
by the integral of the product of the density function and the polynomial basis func-
tions, [ f(8|u,0)¢(8)dd.1? This transformation allows us to directly incorporate the
probability distribution into the tensor train structure, streamlining the computation

'We adopt this definition because it makes the shock innovations conditionally independent, thereby
allowing us to compute expectations quasi-analytically later on.

12While the choice of the expectations basis for z, which is distributed normally with mean zero, is
straightforward, more care is required for the expectations over ﬁ;.. Since ﬁ} follows an AR(1) process,
it is also normally distributed with mean pIna;, which depends on the current state. In practice, we
compute the expectations basis on a very fine grid for y and interpolate it based on the specific value of
a;. Note that this interpolation is one-dimensional and therefore does not entail additional complications
associated with the curse of dimensionality.
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Figure 4: Expectation Formation with Tensor Trains
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The figure shows how the integrals in equation (15) can be evaluated using the tensor train decompo-
sition. Since each integral involves only an isolated dimension of the tensor train, it can be computed
directly at the corresponding core by replacing the relevant basis.

of expectations. For better intuition, Figure 4 illustrates this process using the graphi-
cal notation introduced in Section 2. Note that this quasi-analytic integration approach
is only possible when integrating over random variables that are (conditionally) inde-
pendent, which is the reason why we choose the state x as specified in equation (13)

above.

3.4 Endogenous Grids in High Dimensions with TTA

There are two standard routes to enforcing the optimality conditions (9)—(10). Brumm
and Scheidegger (2017) solve the resulting system with a numerical root finder and it-
erate on the policy function (time iteration)—the exact same approach used in Section
3.2. With TTA, we can take a more efficient path: a variant of the endogenous grid
method of Carroll (2006). In the IRBC model EGM replaces a joint M + 1-dimensional
numerical solve with a one-dimensional solve. Since this approach produces irregu-
lar (endogenous) grids it is not applicable for grid-based methods; TTA, however, is
agnostic to the underlying sample, which makes it the natural companion for EGM.

Applied to the IRBC model, EGM works as follows. Fix a candidate policy #. For
each exogenous state (z, 2) fix the choice k’, and compute the right-hand side of the Eu-
ler equation (9). With 7 given, the expectation is obtained quasi-analytically, according
to the previous section. Given a solution candidate for A we can rearrange the Euler
equation (9) to obtain the endogenous state k analytically. Plug in the endogenous state
in the aggregate resource constraint (10) and update the solution candidate A until it
solves (10). The procedure can be easily extended to accommodate the irreversibility
constraint of the non-smooth model. Details can be found in Appendix B.2.
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3.5 Sophisticated Solution Approach

We now present an algorithm that fully leverages TTA, combining quasi-analytical
expectations with EGM to compute the recursive equilibrium of the IRBC model. The
recursive state of the economy x € X consists of the country-specific capital stocks k;,
transformed productivities 4;, and the global shock z (see equation (13)). The policy

we solve for consists of the expectation-terms 7; defined in equation (14):13

p:X = RM p(x) = (m(x),...,qm(x)). (16)

The mapping p determines only M policy components, while the equilibrium system
involves M + 1 unknowns. Hence, given p(x), simulation requires solving for A to
enforce the aggregate resource constraint.'* A recursive equilibrium is characterized
by a policy function p and an ergodic set £ C X such that (i) the equilibrium condi-
tions hold on &, and (ii) simulating the economy under p generates £. As in Section
3.2, our algorithm proceeds in two nested loops. On the inner loop, we compute a
policy that approximately satisfies the optimality conditions (9) and (10) on a finite set
of sampled states &, now using EGM. On the outer loop, we simulate the model under
the current policy and update S accordingly, iterating until S provides a close approx-
imation to the ergodic set. Figure 5 illustrates this algorithm and thereby highlights
the differences to the simple algorithm displayed in Figure 3. A detailed description of
the algorithm can be found in Appendix B.3. To assess accuracy, we adapt the Euler-
equation error measure from Section 3.2 so that it is compatible with the #-policies.
Details can be found in Appendix B.1.

A key advantage of our approach is that the expectations in the Euler equation
are computed quasi-analytically. In contrast, approaches based on numerical quadra-
ture—such as the monomial integration method used by Brumm and Scheidegger
(2017) or in Section 3.2—introduce an additional source of approximation error due to
the quadrature itself. By contrast, our method eliminates this source of error entirely,

as expectations of the approximate policy function are evaluated quasi-analytically.

3.6 Accuracy and Scalability of TTA

We now scale the number of countries M = 5,...,25 in the smooth and non-smooth

IRBC model, which implies dimensions d = 2M + 1, ranging from 11 to 51. Across all

13The expectations terms are functions of the other policy choices. To employ the quasi-analytical
expectations approach explained above, it is essential to directly approximate these terms via TTA. An
additional advantage is that 7; is typically smoother than the underlying choice variables, which makes
it easier to approximate accurately.

4While this may seem unusual, it is central to the efficiency of the approach: we approximate a
comparatively simple and smooth object (latent low rank), and recover the remaining choice via a one-
dimensional market-clearing condition.

18



Figure 5: Sophisticated Solution Algorithm
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Schematic overview of the sophisticated solution algorithm. Starting from an initial TTA of the policy
function 1" and an initial training set of size N < T, the EGM step fixes choice variables and exoge-
nous states, computes expectations quasi-analytically under the current policy guess, and solves for the
implied endogenous state x by iterating on the multiplier A until the resource constraint holds. The
resulting policy is then re-approximated using TTA, and this procedure is repeated until ™ converges.
The candidate policy is subsequently used in simulation, where A; is again solved numerically to satisfy
the resource constraint and to recover k; ;. The T simulated observations are used to update the finite
approximation of the ergodic set S, and the full procedure is iterated until both the policy function and
the sample set have converged.

dimensions, we keep bases and ranks fixed, at m = 3 and r = 3 in the smooth model,
and at m = 5 and r = 3 in the non-smooth model.’®> Note that, in the non-smooth
model, we use a piecewise linear basis, as it handles kinks more robustly than poly-
nomial bases. The sample size N = |S]| is set to 50mr?d such that the ratio of sample
points to tensor train parameters remains approximately at 50. The left panel of Figure
6 reports normalized compute time as a function of the dimension, while the middle
and right panel report average and 99th-percentile errors. The results demonstrate that
compute time increases modestly and clearly sub-exponentially in the dimensionality

of the problem.!® Figure 6 shows that the normalized scaling of our method clearly

15Tn this section, we do not provide a systematic comparison across tensor-train ranks and basis or-
ders. The reason is that the baseline specification already delivers very small errors, so increasing the
number of degrees of freedom yields only marginal additional accuracy gains.

16Scaling is, however, more than linear. This is due to several contributing factors. First, to maintain a
constant sample-to-parameter ratio, the sample size grows linearly in d. Second, the cost of evaluating
the TTA at a given point in the state space grows linearly in d, at a rate of O(mr?d). Together, this im-
plies that the computational cost of a time iteration step (assuming a fixed number of Newton iterations)
grows quadratically in d. Third, for each additional country, an additional policy function has to be ap-
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Figure 6: IRBC Model Scaling and Errors
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The left panel reports computation time (normalized to the 11-d smooth model, which takes 334 sec-
onds). The increase in computation time is modest: raising the dimensionality from 11 to 51 (5 to 25
countries) multiplies the time by two orders of magnitude. The middle panel displays the average error,
which remains well below 0.001% and 0.01% in the smooth and the non-smooth model, respectively.
The right panel displays the 99th percentile error, which is around one order of magnitude higher than
the average error across both models and all dimensions. Accuracy remains approximately the same
with increasing dimensions.

outperforms the adaptive sparse-grid approach in Brumm and Scheidegger (2017): In-
creasing the dimensionality from d = 11 to d = 51 raises normalized computation time
by only about two orders of magnitude, whereas sparse grids require more than four
orders of magnitude for the same increase in dimension, despite producing less accu-
rate results.!” Computing the non-smooth model is not fundamentally more difficult
than the smooth model, when accounting for the richer basis used to solve the non-
smooth model.!® The average Euler error remains well below 0.001% (0.01%) in the
smooth (non-smooth) model. In each case, the 99th-percentile error is approximately
one order of magnitude higher than the average. The average error in the smooth
model is roughly two orders of magnitude better than the simulation error reported in
Figure 8 of Brumm and Scheidegger (2017) — despite being orders of magnitude faster
to compute. Relative to the simple approach in Section 3.2, the sophisticated solution
method is more than one order of magnitude faster while achieving errors that are
roughly one order of magnitude smaller — highlighting the effectiveness of the two
extensions.

proximated, while the approximation itself becomes more complicated due to the additional dimension
and the larger sample size.

17See Figure 15 in Brumm and Scheidegger (2017).

18Note that in the non-smooth model the irreversibility constraint actually binds in simulations — the
unconditional probability that a country’s constraint is binding lies between 2 and 3 percent depending
on the number of countries.
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4 TTA for Heterogeneous Agents in Continuous Time

This section develops a tensor-train approach for solving heterogeneous agent models
in continuous time. Section 4.1 presents the model and states the master equation char-
acterizing equilibrium. Section 4.2 introduces an a posteriori model-reduction strategy
for generating a discrete representation of the wealth distribution. Section 4.3 lever-
ages that representation and the tensor train approach presented in Section 2 to build
an algorithm for solving the master equation. Section 4.4 provides remaining algo-
rithmic choices independent of the TTA approach. Section 4.5 defines an appropriate
error metric and evaluates the method’s performance, thereby demonstrating that the
non-linearities induced by the stochastic wealth tax require a multi-dimensional rep-

resentation of the wealth distribution to achieve accurate solutions.

4.1 Model with Stochastic Wealth Taxation

In this section, we consider a heterogeneous-agent model in the spirit of Krusell and
Smith (1998), yet in continuous time and with stochastic wealth taxation.

Households. The economy is populated by a continuum of infinitely lived heteroge-
neous households differing in idiosyncratic labor productivity &; € {eq, €}, discount
rate pr € {p1,p2} and endogenous asset holdings a;. The idiosyncratic productivity
state switches from j to the other state j with Poisson rate A; > 0, the idiosyncratic

discounting state switches from i to 1 with Poisson rate w; > 0. Each household solves

1—y
¢, ' —1

— a7)

]Eo/ e P u(cy)dt, with u(c) =
0

subject to
A = Wiep + 14 — €, A > 4, (18)

with a borrowing limit a.

Production. A representative firm operates a Cobb-Douglas technology with aggre-
gate capital K; and inelastically supplied labor N; = 1, so that output, the wage, and
the interest rate are given by:

Y; = exp(z0)K¥, wi= (1—a)exp(z)K, 1 =waexp(z)Ki 1 —0.
The (log) total factor productivity z; follows an Ornstein-Uhlenbeck process

dz; = x(z — z;)dt + 0,dBy, (19)
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with mean reversion x > 0, long-run mean z, and diffusion ¢,. Aggregate capital

equals the first moment of the cross-sectional wealth distribution,

o 2 2
K; = /a a Z Zgij(a,t)da, (20)

i=1j=1

where g;i(a,t) denotes the density of agents with assets 4, discounting type i, and pro-
ductivity type j.

Wealth Tax. With Poisson intensity 6, a stochastic wealth-tax is levied. At such an
event, the government collects a fraction T € [0,1) of each agent’s assets and dis-
tributes the proceeds equally across agents, yielding post-tax asset holdings 4 from

pre-tax asset holdings a satisfying:
i=(1—1)a+ 1K} (21)
HJB Equation. The value function for type ij, V'/(a, t), satisfies the HJB equation:
pl-Vij(a, t) = max {u(c) + 9,V [wte]- + i —c| }
C
A [V =i o [vi = Vil 4 LE {avi
A [V [V v e davy

The first-order condition implies

cij(a,t) = u' 1 <8aVij(a,t)) ., sij(at) = wej +ria —cjj(a,t), (22)
where s;;(a, t) denotes the optimal savings function (drift of assets) for type ij.

Kolmogorov Forward Equation. Given optimal savings s;;(a,t), the law of motion

for the density function of type ij is given by the Kolmogorov forward equation (KFE):

0igij(a,t) = — dalsij(a, t)gij(a, t)] — Ajgij(a t) + Agy(a,t) — wigij(a, t) + wigi(a,t)

1 a— 7Ky
+ |:1 _ng]' ( 1—1 ,t) —gl’]'(ﬂl,t):| dNt,

i.e., transport by savings, switching between idiosyncratic states, and a jump (push-

forward) operator for the tax where N; is the Poisson tax process. 1° The borrowing

constraint is imposed as a state-constraint boundary at 2 = 4, which ensures nonneg-

19The term consists of an outflow — gj(a,t), and an inflow from the pre-image of the post-tax mapping.
The additional term 1171 comes from a mass conservation consideration.
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ative drift at the boundary, s;(a) > 0, and hence zero outward flux. For compactness,
we write 0;g = (A*g).

Distributional Approximation. To make the infinite-dimensional state tractable, we

summarize the wealth distribution by M moments Ty = (m}, ..., mM) with

ztcz/ szl] )gij(a,tyda  k=1,...,M, (23)

4 i=1j=1

for a chosen set of functions For example, taking f; ( )=ua,fori=12andj=1,2
yields the capital stock.

Recursive Equilibrium. Turning from sequential to recursive characterization of the
model, policy and value functions now depend on the distribution over endogenous
assets and exogenous (productivity and discounting) types — or a finite dimensional
representation of it, as just introduced. More precisely, a recursive competitive equi-
librium consists of functions {Vif, gij ,cll, st Ha,z,T)fori =1,2,j =1,2 and aggregates
{r,w,Y,K,C}(z,T) such that (i) households optimize given rational expectations, (ii)

20

factor prices are competitive, (iii) aggregates are consistent with distributions*” , and

(iv) the asset distribution evolves according to the Kolmogorov forward equation given

policies.

Master Equation. The recursive-equilibrium value function satisfies the following
master equation, which can be derived by combining the HJB and Kolmogorov for-

ward equation:

0;V'(a,z,T) = max {u(c) + 9,V [w(z,T)ej+r(z,T)a— c]}
c
+ A (VI = Vi) + (VU’ - Vif>
+x(2—2) 9,V + 1028,V
+ <]/Lr(z,F),VrVij> + 9(Vi7(ﬁ, z,T) = Vi(a, z,T)),

2In this application, market clearing is straightforward because factor prices are pinned down by ag-
gregate capital. Yang et al. (2025) argue that classic solution methods struggle when market clearing is
non-trivial. Although we abstract from such cases, they could be incorporated naturally into our frame-
work by treating prices as additional policy arguments and solving for (or interpolating) equilibrium
prices in simulations, as in Yang et al. (2025). Efficiency would be preserved because only the price
dimension would need to be solved for, while the remaining dimensions would be evaluated only once.
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Table 3: Calibration of the Continuous-Time Heterogeneous-Agent Economy.

Parameter Symbol Value
Discount rate [01,02]  [0.0,0.09]
Risk aversion 0% 2.0

Capital share « 0.36
Depreciation 0 0.02
Borrowing limit a 0.0

Labor productivity €, €] [0.15, 1.096]
Productivity switching rates [A1,A2] 0.4, 0.045]
Share of high discounting households d 0.5
Discounting redraw q 0.05
Discounting switching rates (w1, wr]  [(1—d)g,dq]
TFP long-run mean z 0.0

TFP diffusion (OU) o 0.007

OU mean reversion K 0.05

where yr(z,I') := 1 is the drift of the chosen moment vector induced by the KFE and
[ denotes the post-tax moments implied by 4. At the borrowing limit a = a, the drift
of assets must be non-negative implying the following boundary condition

9.V(a,-) > u' (w(z,T)ej+r(z,T)a). (24)

Calibration. We follow Krusell and Smith (1998) for the idiosyncratic labor-productivity
process, aggregate production technology, and risk aversion. In addition, we introduce
two discount-factor types, which increases mass at the borrowing constraint and in the
upper tail of the wealth distribution. The discount factors p; and p; are set to the val-
ues in Auclert et al. (2025). We assume on average half of households has patience p;
or py, respectively, and with a probability of 5% per quarter patience is redrawn. The
continuous TFP process is calibrated to the empirical estimates in Christensen et al.

(2024). Parameter values are reported in Table 3.

4.2 A Posteriori Model Reduction for Distributional Dynamics

We now propose a novel, yet straightforward, simulation-based method to identify
moments for a low-dimensional representation of the wealth distribution. Let g(t) €
RYN denote a finite-dimensional approximation of the wealth distribution. In this paper,
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we employ histogram bins for this purpose.?! To compute informative moments of the
distribution, we assume its evolution is approximately linear, with forward operator

A and an error term &(t)
g(t) = Ag(t)+e(t), AcRNN g(t) e RV,

We observe g(t) at equally spaced times t4, ..., t7 with step-size At, and collect snap-

shot matrices??

Xo = [g(t),...,gltr-1)] e RNTTN, X0 = [g(ta),..., g(tr)] € RV¥TT,

Dynamic Mode Decomposition (DMD) seeks the best linear propagator A (in least
squares) such that Xy ~ AX_. When N is large, we compute a rank-k truncated
singular value decomposition (SVD) of X_,

X ~Uuzv', Uec RNk 5 c Rk e RIT-Dxk

where ¥ = diag(cy, ..., 0x) collects the k largest singular values. The columns of U
span the dominant directions of variation in the data, and the rows of V" capture their
time paths. Projecting onto the space spanned by the columns of U yields compact
“moment” coordinates

m(t) = U'g(t) € R, m(ti1) ~ Apm(t),
with reduced dynamics estimated by
A = UTX, Vel e RF¥K

These moments m(t) are the variables we carry into the global solution algorithm to
represent the distribution parsimoniously.?> As a heuristic for choosing how many

moments to retain, we use the energy share of each singular value,

2

g

Ej=—"'_, (25)
i Zj 0]2

Z'More generally, this approach may be applicable to a wider class of state variables that evolve ac-
cording to the linear law of motion discussed in this section, as well as the nonlinear law of motion
considered Appendix C.1.

22We obtain g(t) by simulating an approximate model solution (e.g., through histogram evolution).

23We make two practical adjustments to the otherwise canonical model reduction approach. First,
since the distributional dynamics also depend on productivity z;, we also include it into the forecasting
rule. Second, due to its importance for factor prices, we use capital as the first moment. To ensure that
higher order moments are orthogonal to capital, the matrix X _ is projected onto the subspace orthogonal
to the capital weight vector before performing the SVD.
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which quantifies the fraction of variance explained by the i-th singular value. As a
tinal remark, we emphasize that the approach is not limited to linear dynamics. In Ap-
pendix C.1, we demonstrate how Koopman theory can be used to approximate nonlin-

ear dynamics as well.

4.3 Solving the Master Equation with Tensor Trains

We solve the master equation using value function iteration (VFI). In each VFI step,
we recover optimal consumption ¢* from the first-order condition, taking the current
candidate value function V as given. Conditional on c*, we update V by approximately
solving the master equation with a spectral least squares method.?* The solver operates
directly on tensor-train (TT) coefficients, which allows the high-dimensional update to
be carried out efficiently (see Section 2).

A generic master-equation problem has two components: (i) an interior equation
that must hold on the state space, and (ii) boundary conditions. We compute an ap-
proximate solution by casting the problem as constrained least squares, in the spirit
of Section 2. Specifically, we (a) minimize the squared residual of the interior equa-
tion evaluated at a set of interior points, and (b) enforce the boundary conditions at a
separate set of boundary points.

The boundary conditions typically take the form of inequality constraints. For
computational convenience, we convert each inequality constraint into an equality
constraint by introducing a nonnegative slack variable at each boundary point. We
then solve the resulting equality-constrained problem using an augmented Lagrangian
approach, which incorporates the constraints into the objective via multipliers and
quadratic penalties. Given this structure, the augmented-Lagrangian subproblems ad-
mit closed-form updates for both the value-function coefficients and the slack vari-
ables. We obtain a solution by iterating over updates of (i) the value-function coef-
ficients, (ii) the slack variables, and (iii) the Lagrange multipliers — that is, by ap-
plying the alternating direction method of multipliers (ADMM). One run of ADMM
corresponds to one VFI update. Updating the value-function coefficients amounts to a
quadratic minimization problem. In TT form, this step can be solved efficiently using
alternating least squares (ALS), which preserves the low-rank structure throughout.

This section proceeds in four steps. First, we introduce a generic master-equation
problem and its constrained least-squares formulation. Second, we derive the corre-
sponding augmented-Lagrangian representation. Third, we map our application from
the previous section into this general framework. For clarity, we present the full-tensor

formulation in the main text; the local subproblems underlying the tensor-train imple-

24By "spectral least squares" we mean a global (typically polynomial) basis representation, with the
differential equations enforced in a least-squares sense.
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mentation are deferred to Appendix C.2. Finally, we describe the ADMM iterations
that implement one VFI update.

Generic Master Equation. Let D be the state domain with interior int(D) and bound-
ary 0D. Consider master equations that act linearly on V in the interior and on the
boundary. Write M for the interior operator and C for the boundary operator. We seek
a TT approximation V (-, T') with cores T = {W?!,..., W¥} satisfying

MV(;T)](x) =u(x), Vxeint(D), C[V(;T)|(x)>h(x), VxeadD.

Global Minimization Problem. Given interior samples {x;}}¥, and boundary sam-
ples {%,}} /—1, We minimize interior residuals with regularization for numerical stability

and impose boundary inequalities

. 1Y 2 1 a 2
min EZHM[V(-;T)](%)—“(xi)Hz"‘EZHWjHF

Wl,...,Wd i=1 ]:1
st. ClV(;(x) > h(z), £=1,...,L

Augmented Lagrangian. To cast the constraint minimization above into an uncon-
strained convex problem, we proceed in two steps: First, we introduce slack variables
t; > 0 at boundary samples {%/}}_,. Second, we incorporate the constraints into the
objective via quadratic penalties and multipliers y, — an approach known as aug-

mented Lagrangian:

d
LT, t) = ZIIM TIGe) = (i) I+ 3 1 1w I
]:
L
+3 L OG5 — iz —t)?
=1

+ i we (CIV(5T)N(xp) —h(xe) —tg), te>0.

Full Tensor Formulation. Given multipliers y and slack variables ¢t write the mini-
mization problem over 7, as problem over the full tensor of value function coefficients
v = vec(A) € REwith K = ]_[;i:1 m;j as®

1
min > [|Mo — ul[3 + 2||Co — b~ + uT (Co—h - ). (26)

ZWith M € RN*K 4 ¢ RN, C € RI*K | e RE, u e RE t € RE In practice we also add a small
regularization term to each core W for numerical stability.
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This problem falls into the class of quadratic minimization problems that can be solved
efficiently using ALS. In Appendix C we show how to solve the minimization problem
in TTA form, for ease of exposition we stick with the full tensor problem here. The
component matrices M, C and the vectors u, h take the following form in the applica-

tion outlined above:
1 . ..
Mi]' = (pz + K + )\j + Wi + 9) XV’Z] — (w(z,I")ej —+ T’(Z, I")a — Cij) Xa“’Z]
—x(z —z) X% — %azzxa?fif — u(z, D)X — A XV — w; XV — X,

T y
wij = u(c’) + KVZJ/Old, Cij = X%, hij = u'(w(z,T)ej +1(z,T)a).

where X" is the full matrix of basis entries of the value function, or its derivatives.

ADMM. We obtain a solution of the minimization problem by iterating over updates
of the value-function coefficients, the slack variables and the multipliers, of the aug-
mented Lagrangian — this approach is known as alternating directions method of
multipliers (ADMM). One iteration consists of minimizing the augmented Lagrangian
with respect to v

1
T = argmin || Mo —u|3 + J[|Co— h— " f+ 4" (Co—hi— "),

which admits a closed form least squares solution. Followed by updating the slack
variables, by minimizing the augmented Lagrangian with respect to t, taking 7 and u

as given,

"1 = max {C[V(-;T"H)](f) —h(X) + %H,O} , (27)

also with a closed form solution. Lastly, in the dual ascent step we update the multi-
plier, as is standard in ADMM

=y (CIVG T (R) — h(x) — 7)) 28)

Once the ADMM algorithm converged, the value function iteration step is complete.
We adapt the penalty 7y to balance primal and dual progress.?® After completing the
VEFI step, previous slacks, multipliers and penalties can be used to warm start subse-

quent iterations.

26We choose the penalty parameter 7y so that the primal residual, measuring constraint violation, and
the dual residual, measuring variation in the implied dual variables across iterations, are of comparable
magnitude.
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Figure 7: Solution Algorithm for Heterogeneous Agent Model
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The algorithm has three nested loops. The outer loop builds a training set of histogram snapshots of the
cross-sectional distribution paired with exogenous shock realizations, and specifies a set of moments as
weight vectors that map each histogram to scalar statistics. Given a training set and chosen moments,
the middle loop estimates forecasting rules for the evolution of the aggregate state (the moments). In
the inner loop, taking these moments and forecasting rules as given, the household problem is solved
via value function iteration with TTA.

4.4 Opverall Solution Algorithm

The solution algorithm consists of three nested routines aimed at constructing an ap-
proximation to the ergodic set, a set of informative moments of the distribution, fore-
casting rules, and the household value function. In the outermost loop, we approxi-
mate the ergodic set, that is, a collection of histogram snapshots of the cross-sectional
distribution paired with realizations of the exogenous shocks. In the same loop, we
also define a set of moments, represented by weight vectors that map each histogram
snapshot into a scalar statistic. Given the approximation of the ergodic set, which also
serves as a training set, and a choice of moments, solving the household problem re-
quires forecasting rules for the evolution of the aggregate state summarized by these
moments. These forecasting rules—one for the infinitesimal drift of the moments and
one for their response to a tax event—are determined in the second loop. In the inner-
most loop, given the moments and forecasting rules, we solve the household problem
by value function iteration (VFI). This step is taken as given, since it was described
in the previous section. Figure 7 provides a graphical overview of the three nested
procedures.

Training Set and Moments. We approximate the ergodic set by simulating the dis-

tribution forward under a sequence of exogenous shocks together with a candidate
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solution to the household value function V.?” These simulated data from the training
set & are used for moment selection, forecasting, and the solution of the household
problem. First, we select moments m(t) using the a posteriori model reduction pro-
cedure described above. Second, we map the simulated distribution snapshots into
moment data (using UT), since these moments enter both the forecasting problem and
the household problem. We also compute the time derivatives of the distribution ¢(t)

and of the corresponding moments r(t).

Forecasting Rules. To solve the household problem, agents must form beliefs about
the evolution of the distribution. These beliefs comprise both the infinitesimal changes
in moments and the effects of tax events on those moments. First, we estimate an
approximate infinitesimal law of motion i(z,T') by regressing the time derivatives of
moments on the current moments and exogenous states. Second, we estimate a map-

ping A(T) from the current moments to the moments immediately after a tax shock.

Overall Algorithm. Given these components, the algorithm proceeds as follows. On
the innermost level, we solve the household problem using VFI and ADMM. After the
value function has converged, we update ¢(¢) and ri(t) implied by the new house-
hold solution, and then revise the forecasting rule y(z,I') accordingly. Once the value
function and forecasting rules are jointly consistent, we simulate the model forward.
Based on the resulting simulated sample, we (re-)select moments via a posteriori model
reduction and update the training set. We iterate until the training set, the selected
moments, the forecasting rules, and the household value function converge jointly. Al-

gorithm 5 in Appendix C summarizes the full procedure.

4.5 Measuring Accuracy when Aggregate Risk Matters

In this section, we show that the heterogeneous-agent model with large wealth-tax
shocks requires a genuinely multidimensional representation of the wealth distribu-
tion, and that the tensor-train approximation (TTA) enables us to solve the resulting
high-dimensional PDE accurately. We begin by briefly introducing our error metric
and then demonstrate that the error decreases markedly as we enrich the state repre-

sentation with additional moments.

Error Measure. We assess accuracy using a relative master equation error expressed
in consumption units. Importantly, this measure combines the error in individual con-

sumption decisions with the error in forecasting into a single metric. By contrast, much

?To construct an initial simulation set, we first solve the household problem under an ad hoc fore-
casting rule and simulate the model under this rough approximation. We keep the (long) sequence of
exogenous shocks fixed across iterations, yet choose different sequences for error evaluation.
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of the heterogeneous-agent literature evaluates these errors separately, giving rise to
both practical and theoretical limitations: the resulting measures are hard to interpret,
not easily comparable across models, and do not provide a clean decomposition of the
overall error. Such a separation may even understate the true approximation error.

Appendix C.3 provides details of the construction of our error measure.

Accuracy Results. To demonstrate that TTA can accurately solve multidimensional
heterogeneous agent models, we solve the economy under three tax regimes: 0% (no
tax), 10%, and 20% wealth tax, each arriving with a quarterly probability of 2.5%. For
each regime we vary the number of aggregate moments, M, used to summarize the
cross-section. We approximate the value function (for each discrete idiosyncratic state)
with TTA over the continuous state vector (a,z,mq,...,m M).28 For assets, a, we use a
polynomial basis of order 30, for each additional dimension we use a polynomial basis
of order 3, while setting all TT ranks equal to 3.

Figure 8 reports statistics from solving the model under different tax regimes and
with varying number of aggregate moments. On the left-hand side of the figure, we
report the energy shares E; of the singular values from the model-reduction step. With-
out a wealth tax, most of the energy is concentrated in the first few singular values,
while the remaining E; are close to zero, indicating that higher moments add little to
capturing aggregate dynamics. With a 10% or 20% wealth tax, the decay is notably
flatter: higher moments contribute meaningfully and are therefore required to capture
the dynamics. The change from 0% to 10% is much larger than from 10% to 20% —
even a 10% tax, occurring on average every ten years, already reshapes the wealth dis-
tribution and raises the model'’s effective dimensionality, while the incremental effect
of a larger tax is comparatively smaller.

On the right-hand side of Figure 8 we plot the mean error and the 95th-percentile er-
ror (both on log,, scale) against the number of moments used to summarize the distri-
bution. For both positive tax levels and both error metrics, accuracy improves roughly
by an order of magnitude as additional moments are included. In the 10% case, gains
taper after the fifth moment, whereas the 20% case continues to benefit from additional
moments — consistent with the flatter energy profile under the higher tax. At a low
number of moments, the 10%-tax economy is more accurate than the 20%-tax economy,

but the gap narrows as the number of moments grows.?’

28 All results use 10,000 sample points and the linear DMD specification described in Section 4.2.

PIn the tax-free economy errors are substantially lower (-3.9 for the mean error and -3.5 at the 95th
percentile), as the tax introduces discrete jumps and more distributional movement, while the TFP pro-
cess alone generates relatively little variation.
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Figure 8: Heterogeneous Agent Model — Energy Shares and Errors.
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The left panel shows the energy shares E; of the i-th singular value (index reported on the horizontal
axis) from the model-reduction step under wealth-tax rates of 0%, 10%, and 20%. Taxation flattens
the singular-value decay, indicating a higher effective dimensionality than in the no-tax economy. The
right panel plots the mean and 95th-percentile master equation errors against the number of aggregate
moments employed in the solution — adding moments yields substantial accuracy gains.

5 Conclusion

We develop a novel method for computing equilibria in dynamic economic models us-
ing tensor train approximation. By exploiting low-rank structures in equilibrium func-
tions, the approach yields accurate approximations while remaining computationally
tractable in high-dimensional state spaces. We believe that TTA can fill the gap be-
tween local polynomial approximation methods and global neural-net or sparse-grid
solution approaches, combining flexibility with structure in a way that is particularly
attractive for quantitative macroeconomic applications.

There are numerous potential macroeconomic applications for TTA. Economic pa-
rameters could naturally be incorporated in the state space of TTA — as, for instance, in
Kase et al. (2022) for neural nets — so that estimation can be carried out using one sin-
gle solution on the extended spate space. Overlapping generations models with large
aggregate risk as in Brumm and Hufsmann (2025) and extensions of such models with
finer generational structure are examples where TTA could substantially outperform
(adaptive) sparse grids and push the boundary of what can be done in quantitative
macroeconomic modeling.

Beyond macroeconomic applications, TTA may also offer a useful tool for handling
high-dimensional objects in econometrics. By exploiting low-rank structures across
multiple dimensions, tensor methods may make it feasible to estimate rich factor mod-
els as in or extending Lettau (2023) or to approximate high-dimensional conditional

32



expectation functions. More generally, they may help extend econometric analysis to
settings in which the curse of dimensionality currently makes flexible estimation im-
practical.

Future refinements of our TTA methodology may include the adaptive selection
of ranks and basis functions while preserving simulation-based sampling. A nat-
ural starting point for such an extension would be the rank-selection procedure of
Grasedyck and Kramer (2019). We also see considerable potential in developing more
general state-space reduction methods that go beyond the moment-selection procedure
introduced in this paper — for instance, akin to Scheidegger and Bilionis (2019). Such
approaches appear particularly well suited to the off-grid sampling capabilities of TTA.
Finally, tensor train methods remain an active area of research in applied mathemat-
ics and physics, suggesting substantial scope for further methodological advances that

may also benefit quantitative economics.
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APPENDIX

A Details TTA

This appendix provides additional details that were briefly discussed in Section 2.

A.1 Details TTA-Algorithm

In what follows, we discuss how the single-core subproblem (5) can be written in vec-
torized form and how the cores can be orthogonalized for numerical stability. Algo-
rithm 1 presents the complete TTA algorithm.

Vectorization. The single-core subproblem (5) can be written as
, 1
min [ly — B3 + Al[o¥ 3 29)
(%

where oF = vec (W*) represents the wagon to be optimized, and B¥ contains all infor-
mation about other wagons and about basis function evaluations at all sample points.
BF is constructed as follows: First, let X’ ii . = ¢i, (x) denote the basis values in dimen-
sion k for sample point 7. Then define the left and right stacks, £F and R, starting
with £0 = R? = T € RN and recursively proceeding with

k _ ( pk=1 k-1 k-1 k _ ((ywk+1 k1l k1
L= <£jk—2” M]jk—zik—ljk—l Xik—ln)]'k_ln’ R = (ijik+1jk+1 Xikﬂn Rjk+1”>jkn' (30)
Finally, define
k_ (pk . yk pk
B = <£]'k71n )C.ik” RJkn)”jklikjk, (31)

and reshape it into a matrix BX € RN*("e-177k),

Orthogonalization. To maintain numerical stability, Holtz et al. (2012) propose to
keep a left-orthonormal prefix of cores and a right-orthonormal suffix during the ALS
sweeps. For the k-th core W¥ define its left and right unfoldings by grouping indices

unfy (WX) € RUe1m0>7 - unfp (W) e RUF™)%7k-1, (32)
We call W* left-orthonormal and right-orthonormal, respectively, if it satisfies:

unfy (W) Tunfp (WF) = I, unfg(W5)Tunfg (WF) = 1. (33)
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During a left-to-right sweep we enforce left-orthonormality via a (thin) QR decompo-
sition,
unf (W) = QR, Q'Q =1, (34)

denoting the outcome by [Q,R] = qrd(unf;(W*)). We then reshape Q, res(Q) <
R7%-1XMxT - and set WK := res(Q). The triangular factor, R, is absorbed into the
next core, Wil := res (unfg (Wk+1) *R"), so that the overall tensor remains un-
changed but the next subproblem is better conditioned. In the right-to-left sweep
right-orthonormality is analogously enforced. Details of the procedure are given in
Algorithm 1 and displayed in Figure 2.

A.2 Generic ALS Template

The TTA algorithm introduced in Section 2 is applicable to a wide range of quadratic
problems that can be minimized efficiently using ALS. Let A € R"**"d be the full
tensor u = vec(A) € RM with M = ngl my. We consider functionals with constant
global Hessian

J(u) = 3||Su—b|3+ (Bu—c,e), (35)

where S € RV*M p ¢ RN, B € RE*M ¢ ¢ RK and ¢ € RX. This class of prob-
lems covers the least-squares approximation problem (Algorithm 1), the augmented-
Lagrangian objective in Section 4, and others; see Holtz et al. (2012). If a problem can be
posed as (35) and all but one TT cores are frozen, each ALS update reduces to solving

a small linear system, which makes this class particularly attractive for TTA.

Local Normal Equations. Let WX € R"+1%"*" be the k-th core and v = vec(WF) ¢
R™-1""k ' With all other cores frozen, the vectorized tensor can be written as

u = P,

where P, € RM*71"" is the linear retraction operator that maps the local core into

the global tensor. Then the local minimization min, J (P¢v) has the normal equations
SA;—S\]{Z) = g;—b — B;—e, gk = SPk, Bk = BPk (36)
These are small linear systems of size ry_qmry.

Efficient Implementation via Environments. Algorithm 1 introduced left / right
stacks. They provide an efficient implementation of the reduced objects S, and By,

so neither P, nor S is ever formed explicitly.
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Algorithm 1 Tensor Train Approximation (TTA)

Require: Basis dimensions m = (my,...,my); ranks v = (rg,...,r;) withrg =r; = 1;
data points {x”,y”}fy:l with x" € R?, y"* € R; initial cores W, ..., W9 with Wk e
R7-1*MX7 and WK right orthonormal for k > 1; regularization A; tolerance e.

Alternating Least Squares
Build initial stacks £¥, R¥ using equation (30).

Set & = 00, € = 0, j = 0.
while € > e do > Macro-Iterations (sweeps)
fork=1,...,d—1do > First Half-Sweep
Compute BF using equation (31).
Solve v* := arg min, ||B¥v — y||3 + A||| 3.
Compute [Q, R] = qrd (unfy (res(v¥))).
Set WK := res(Q), W1 := res (unfg (WKt1) -RT).
Update left stack £+ using equation (30).
end for
fork=4d,...,2do > Second Half-Sweep
Compute B using equation (31).
Solve vk := arg min, || B¥v — y||3 + A|[|[3.
Compute [Q, R] = qrd(unfg(res(v¥))).
Set WX := res(Q), Wk=1 :=res (unf, (WK-1) - RT).
Update right stack R*~! using equation (30).
end for
Set y := BFoF
Compute & = ||y — §||o, sete:= ¢ — & =& and § :=y.
end while

Return Tensor train approximation 7 = A (m,r, {x",y"}N ) = (W}, ..., Wd).
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Least-Squares Special Case. For the dataset {x",y"}\_, with basis {4)11()}:1’: , in
each dimension j, the full-tensor least-squares problems corresponds to B = 0,c =
0,e =0, and®

; | 1 mi,...,mMy
{szl ()bl]' (x] ) }il_l,...,id—l yl
S = : eRNVM p—=1|:| eRN. (37)
] | N mi,...,mMy N

Let £F € RN*"-1 and RF € RN*"t denote the left/right stacks defined recursively
from the cores and basis evaluations for all points in the dataset. Then S; admits the
compact factorization

S\k = ck O XK )ni, - RE. € ]Rerkflmkrk, (38)
P (X )i

nk_1 1]

without ever building S or Py. It is this structure that mitigates the curse of dimen-
sionality in the ALS update steps. Algorithm 2 provides a generic formulation of ALS.

B Details IRBC Model

This appendix contains additional material related to the IRBC model discussed in
Section 3.

B.1 Details Euler Equation Errors in the IRBC Model

This appendix defines the Euler equation errors used in Section 3 to assess the accu-
racy of our solution method. Because the simple and the sophisticated approaches
(both applied to the smooth model) differ in their implementation, they require two
corresponding formulations of the Euler equation error. The Euler equation error for
the non-smooth model is reported in Appendix B.2.

Simple Solution. For each country j, we use the tensor train representation of the
policy function k; and A to determine choices and next periods state i/, and evaluate
next periods policy functions k}’ and A’. The Euler equation error for country j is then

defined as:

EE/ = {ﬁ]Et {/\’ {a}Ag(k;)g_l +1—0+ %g}(g} + 2)} H - [A1+ )] o1 (39)

30We have excluded the regularization term, which is only for numerical stability at the local cores.
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Algorithm 2 Generic ALS Algorithm

Require: Basis dimensions m = (my,...,my); ranks v = (rg,...,r;) withrg =r; = 1;
initial right-orthonormal cores W1, ..., W9 with Wk € R%-1xmex7s; operator J of the
form (35) with S € RN*M b« RN, B € RK*M and ¢ € RX, e € RX; tolerance ¢.

Generic Alternating Least Squares
Set ¢ = co and € = co.
while € > e do > Macro-Iterations (sweeps)

fork=1,...,d —1do > First Half-Sweep
Solve v* := argmin, J (P;v) via (36) using S and By.
Compute [Q, R] = qrd(unfy (res(v¥))).
Set WK := res(Q), WK1 := res (unfg (WF*1) -RT).
Update left stack £5+1 using equation (30).

end for

fork=d,...,2do > Second Half-Sweep
Solve v* := arg min, J (Pyv) via (36) using Sy and By.
Compute [Q, R] = qrd(unfg(res(v¥))).
Set W* := res(Q), WK~! :=res (unf, (WK-1) - RT).
Update right stack R*~! using equation (30).

end for

Compute objective ¢ := J(W1,..., W¥)

Sete:=|¢ —¢|and & :=¢C.

end while

Return Tensor train approximation 7 = A (m,r, {x",y"} N ) = (W!,..., Wd).
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where expectations are computed using the monomial integration rule®!. For the ag-

gregate resource constraint, we define the relative error as:

ot [ma +k (00 48] K- (3)
LMy |aAk +k; (—4g?) |

(40)

These error measures are computed along a simulation path of 10,000 periods, using a
sequence of shocks that is independent from the one used to construct the state set S

in the solution algorithm. This allows us to assess out-of-sample accuracy.

Sophisticated Solution. For each country j, we use the tensor train representations
of the policy function 7;, and determine the Lagrange multiplier A from the resource
constraint to infer the capital choice k; from equation (14). The Euler equation error for
country j is then defined as:

g, (41)

EE = BE; {n;(x")} - [AM1+v-g))]
where expectations are computed using the same basis transformation employed dur-
ing the model solution. This ensures consistency between the approximation and the
evaluation of expectations. The error in the aggregate resource constraint is zero by
construction. These error measures are computed along a simulation path of 10,000
periods, using a sequence of shocks that is independent from the one used to construct

the state set S in the solution algorithm.

B.2 Details Non-Smooth IRBC Model

This appendix details the non-smooth variant of the IRBC model introduced in Section
3. In contrast to the smooth benchmark, investment is irreversible:

Ki—(1—0)k>0, j=1,..,M (42)

The aggregate resource constraint (10) is unchanged. The Euler condition for capital

now carries the KKT multiplier y; associated with (42):

AL+ ygi] — ;= PE; {N [a;Ag(k;)é'l r1-0+ Ygi(sl +2)] - 5);4.} @)

31Just like Brumm and Scheidegger (2017), we use a monomial integration rule with 2(M + 1) inte-
gration nodes in total, which keeps the additional computational cost modest. Note, however, that this
choice may come at the expense of accuracy.
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The multiplier satisfies the complementarity conditions

0 <pjL (kK —ki(1-6))>0. (44)

For later shorthand, define the country-specific expectation kernel

nj(x) = N | @] AT +1 -6+ %g}(g} +2)| = (1= 0)u. (45)
The map 7; is piecewise smooth and exhibits kinks along the locus where (44) switches

between slack and binding.

Endogenous Grid Method. As in Section 3, we reduce the (M + 1)-dimensional non-
linear system to a single scalar equation by exploiting EGM. The irreversibility con-
straint is handled by a simple case distinction. For each country j, fix next-period
capital k;. exogenously. Compute the expectations on the right-hand side of (43) via
quasi-analytical integration e; = E;{#;(x’)}. First, compute the interior solution can-
didate. Set y; = 0 and solve (43) for the implied current capital k;. Then, check con-
sistency between the assumed Lagrange multiplier and the implied current capital. If
k;. >(1-9¢ )fcj, accept the interior solution (l~cj, pj = 0). Otherwise, the constraint binds.
Set kj = k;-/(l - (5),~]/l]' = A[l + 1pg]-(12]-,k;.)] — Bej > 0, which follows by rearranging
(43). Given the set {k;} j=1 implied by the fixed {k;}, substitute into the aggregate bud-
get constraint (10) and solve the resulting scalar equation for the multiplier A. This
completes one EGM update. The method retains all advantages of Section 3 while

accommodating the kink induced by (42).

Error Measure. We follow Section 3 and report unit-free Euler errors. With irre-
versibility, we additionally penalize violations of (42). Define the percentage shortfall
from the lower bound »

]

c=1-—1 .
K(1—0)

(46)

Let EE/ denote the standard (unit-free) Euler error as in Section 3, accounting for the
amendments in (43), evaluated at points where the constraint is slack. We summarize
the accuracy in the Euler equation for country j by

max {EEJ', IC/, min {—EE!’, —Icf} } .

By construction the error is non-negative, it coincides with |EE/| when the constraint
is non-binding, and reduces to the (percentage) irreversibility violation when it binds.
See Brumm and Scheidegger (2017) for a more detailed discussion.
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Table 4: Parameterization of IRBC model

Parameter Symbol Value

Discount Factor B 0.99

EIS of country j Y [0.35,1]

Capital share 4 0.36

Depreciation 0 0.005

Std. of log-productivity o 0.01
Autocorrelation of log-productivity p 0.95

Intensity of capital adjustment costs ¢ 0.5

Aggregate productivity A (1-B(1-9))/(CB)
Welfare weight of country j Tj AV

B.3 IRBC Solution Algorithms

This section presents the formal solution algorithms discussed in Section 3.2, and Sec-
tion 3.5.

C Details Heterogeneous Agent Model

This appendix expands parts of the main text that were kept brief for space.

C.1 Model Reduction — Connection to Koopman Theory

When the distribution follows nonlinear dynamics g(t + At) = f(g(t)), the Koopman
operator K advances observables i linearly:

S9(s(0) = Kep(s(r)

Thus, even if f is nonlinear in state space, evolution is linear in the (typically infinite-
dimensional) space of observables. DMD can be viewed as a finite-dimensional ap-
proximation to K restricted to linear observables §(g) = g. Extended DMD (EDMD)
enlarges the observable set to a dictionary

$(8) = [¢1(8),--- m(g)] "

(e.g., polynomials or radial basis functions) and fits a linear operator K from

Yo =[p@t), . w(gltr1))],  ¥i = [v(g(t)), - v(8(tr))]
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Algorithm 3 Solving the IRBC Model using Simple TTA

Require: Initial sample of states S = {y1,...,yn} C Y, initial guess for next period’s
policy p™ = (ki,..., kK, A) in TTA format, error thresholds ety and egim, sequence

of shocks {z:}]_,, {a;}L ,, initial simulation state y, quadrature rule Q for expecta-

tions.
Simulation & TI
while {giy, > €sim do > Simulation Loop
while 11 > e1r do > TI Loop
fork=1,...,Ndo
Initialize choices v := (k},..., K, A) < p*(yk)
repeat
Using v, v and p™ compute RHS expectations in (9) via Q.
Update v = (k},...,k},, A) using a non-linear solver on (9) and (10).
until residual norm at y; is below tolerance.
Store optimal choice v (yk) := (k] (Yk), - - -, Ky (yi), A(yk))-
end for
Set pj := T (m, 7, {y, vi (yi) }i,), forj = 1,..., M + 1 using Algorithm 1.
Set & = ||p — pT|| and update p™ := p.
end while
SetS = {#1,...,in} = S.
fort=1,...,Tdo > Update Simulation Path
Evaluate p(y;) = (K}, ..., K}, A), set ysq1 = (K, dy41,2).
end for
Compute &sim = ||S — S|| = § L |7 — il
end while

Draw new shocks {z¢}_; and {a;}L .

fort=1,...,Tdo > Compute Euler Errors
Evaluate p(y;) = (K}, ..., K}, A), set ysp1 == (E’, dii1,2).
Compute Euler errors using (39) and (40).

end for

42



Algorithm 4 Solving the IRBC Model using TTA

Require: Initial sample of states S = {x1,...,xny} C X, initial guess for next period’s
expectations terms 77 = (5] ,...,17};) in TTA format, error thresholds eggy and
€sim, sequence of shocks {zt};‘r:l, {ﬁt}le, initial simulation state x;.

Simulation & EGM
while {si, > €sim do > Simulation Loop

while ¢ggm > eggm do > EGM Loop
fork=1,...,Ndo
Fix future capital choices ki, ..., k), from S.
Initialize the multiplier A (xy).
repeat
Given 717, compute the expectations quasi-analytically using (15).
Construct the endogenous state x; = (E, i, zi) from (9).
Update A(x;) numerically to find the root of (10).
until A(x;) converges
Compute 7(xg) = (11(xx), - .., ym(xx)) via (14).
end for
Update 77 := T (m, 7, {xg, 7j(xi) }£;), for j = 1,..., M using Algorithm 1.
Set gam = |17 — 17"|| and update " := 7.
end while
SetS = {x1,...,xn} = S.
fort=1,...,Tdo > Update Simulation Path
Evaluate 7 at x4, infer k’, A using equations (14, 10), set x; 1 := (E' L Ar41,2).
end for
Compute &sim = ||S — S| = § T [% — xil.
end while
Draw new shocks {z;}L; and {a;}] ;.
fort=1,...,Tdo > Compute Euler Errors
Evaluate 7 at x;, and infer k/, A using equations (14, 10). Set x;,1 := (%’, fri1,2).
Compute Euler errors using (41).

end for
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via the relation ¥, ~ K'¥_. With a sufficiently rich dictionary, EDMD captures non-
linear distribution dynamics through a linear evolution in feature space, while still

delivering a low-dimensional set of learned moments for the global solution.

C.2 Local Augmented Lagrangian Problem

To apply Algorithm 2 efficiently to the augmented Lagrangian while working in TT
format, we must never assemble the global functional 7 on the full tensor A nor form
the retraction operator P;. Section 2 showed how left/right contraction stacks — L
and R — yield a reduced linear system that acts directly on the k-the core W¥. For
the master equation in Section 4 we follow the same strategy, but we build separate
stacks for each instance of the value function V, Vtax V% 179z Vazz, Vor. From these
we assemble the local projections My (interior operator) and Cy (boundary operator) at
core k.

Prerequisites and Notation. Index coordinates by d € {a,z,my, ..., mp}, with poly-
nomial basis order my along coordinates k. Let S be the sample set, |S| = N. Precom-

pute evaluation matrices
X, ] R XMy OJ V,0,,05,0.20 aX i, 7 1,2
k € ’ S { 1Ya,Uz,0,2 l/t }/ l/] S { s }/

where XkD’ij stores basis values and X,? Wil X,? = Xka 2 store the corresponding differ-
ential operators applied in the basis. The matrix thax’ij evaluates basis functions at
post-tax variables (a, f). Represent V in TT form with cores W1, ..., W% and TT ranks
1 (with rg = r; = 1). For each label [] define local left/right stacks by contracting all
cores except WK against the appropriate X’ E T for £ * k

L]L:I/ij c ]RNer,ll RErij c RrkXN‘

Form the local basis tensor by inserting the k-th dimension

B, = ((ckﬂ,z‘j) _ (ka,z‘j) , (ka,ij> ) e RN*Terxmxr 47)
no nf 1) notp

Finally, stack indices (o, ¢, p) into columns to obtain the local design matrices
B S ]RNXKk, Ky := rg_1myry,

and identify the optimization variable with the vectorized core vy := vec(WK) € R¥x.
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Local Augmented Lagrangian. Given interior and boundary projections My € RN**«
and C € RM*Xx, the localized subproblem at core k reads

1
min o || Meor — ull3 + 311 Ceow — i — 3 + 1T (Cooy — I — 1), (48)

where u € RY is the (value-independent) interior right-hand side, i € R is the bound-
ary target, t € R are non-negativity slacks, # € R are the current multipliers, and

v > 0 is the penalty.

Interior Operator. The interior projection is the full operator M with the global basis
X replaced by the local basis B.

M,i{j = (pi + % +Aj+wi+ 0) BV — (w(z,T)e; + r(z,T)a — c;j) B/
— x(2 —z)B% — %azzBazz'if — u(z,T)B — \;BY — w; BV — 9B
Boundary Operator. For the no-borrowing boundary condition we have
C,ij — B%i, and h as in the global problem.

Reduced Normal Equations. Consistent with the general formulation in Appendix
A.2 define the stacked system

A Mk A n u
Sk = ’ Bk = O, Up = .
[ﬁck] [ﬁ(h +t— ,u/’y)]

To solve the minimization problem apply Algorithm 2.

C.3 Error Measure

We evaluate accuracy via a relative master equation error in consumption units. Given

a candidate value function V¥ (-; T'), obtain the optimal consumption from the FOC,

cj(a,zT) = () (3,V(a,2, ;)
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Compute the implied consumption El’-‘j(a, z,T') from the master equation

&i(a,2,T) = u™ (V0,21 T) = 9V (a,2,T;T) [w(z, D)ej + (2, T)a — ]
— /\]-(V”(a, z,T;T)—V(a,z,T;T))
— w; (Vlj(a, z,T;T) - Vi(a,zT; T))
—x(z2—2)0,Vi(a,z,T;T) — %07_2 0,.Vi(a,z,T;T)
—{ur(z,T),ViVi(a,zT;T)) — B(Vij(ﬁ, z,T;7) = Vi(a,zT; T))

At the borrowing constraint, we also record the boundary violation in relative con-
sumption units,

B 0, a
5ij (a/ Z F) - max{ (u')~! (auVif(g,z,l";T))—w(z,F)£j+r(z,F)g,O}
w(zej+r(zl)a ’

V
kS

a =

I

Our pointwise error metric is then

5,']'(61, z, F) 1
)

51']'(ﬂ,z, T) = maX{ CZ(QT

B
’gij (ﬂ,Z, F)} .

We simulate a path of aggregate distributions {g(¢)}_; by drawing shocks and evolv-
ing the Kolmogorov forward equation on a fine wealth grid using the policies implied
by Vi(-;T). At each t, we draw 100 individuals from the joint distribution over (i, )
and assets a ~ g;;(t), evaluate &;j(a,z,T;) at those draws, and summarize the resulting
error distribution over time. Note that, in computing the master equation error, both
the drift of the aggregate moments and their jump in response to the tax shock are taken
from the “true” transition in the simulation rather than from the lower-dimensional
forecast used to obtain the Markovian solution of the value function. This ensures that
the error induced by forecasting is captured by the error metric.

C.4 Heterogeneous Agent Solution Algorithm

Algorithm 5 provides a detailed description of the solution method described in Sec-
tion 4.
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Algorithm 5 Solving the Master Equation using TTA

Require: Asset grid 4 € R”; initial distributions G = {g;}}Y, C R*", where each g; stacks the
four idiosyncratic-state histogram over 4; moment generators {f;}M,, with fy € R*". For
each i, define the moment vector m; € RM by [m;]x = (g, fi). Let S = {m;}N | € RM; mo-
ment law of motion u(z,T') : (z,m) — 11, mapping today’s (z, m) to drifts; tax-event moment
forecast A(I') : m — 11, mapping pre-shock into after-shock moments; state sample X =
{xi}Y, € RM*2 with x; = (a;,z;,m;) and {a;}}Y, C R; initial value function (TT) for each
idiosyncratic state an initial guess Vi ( 7;]~) ; tolerance thresholds e aspvm, €vEL, €FC, €5im > 0
aggregate shocks {z;}!_; and tax indicators {1*}]_,.

Simulation, VFI & ADMM
Evaluate 7;; := V/(X).

Initialize ADMM penalty v > 0, multiplier y and slacks t > 0.

Set residuals ¢ Apvm, CVFL GFC) CSim 1= ©0.

while s, > €sim do > Simulation Loop
while {rc > epc do > Forecast Loop
Set v;j := Tj;.
while Cygr > eyp do > VFI Loop
compute ¢;; = (u") ™ (3. V (X; 7ij)) from FOC (22).
while {Apvmv > €apvmv do > ADMM Loop

Minimize the augmented Lagrangian (26) using ALS (2).
Update slack and multiplier using equations (27) and (28).
Adjust the penalty -y to balance primal and dual residuals.

Set ZapMM = |[fnew — told| 3
end while
Update Vi = V(;; Ti;) and evaluate vg]- = VI(X).
Set &ypr := Hv;]- — ;|| and vjj := vgj.
end while

On G compute {¢;}¥ ;| using V//(-; Tj;), then compute {riz;} ;.
Fit the updated law of motion fi(z,T') : (z,m) — 11, and set u(z,T) := ji(z,T)

/

Set épc = HZ):] — 51']“, ﬁij = Z)l]

end while
Simulate G := {g;}Y, on the grid 4 using V/(-; T;;), starting at .
Select moments { f; } | using a posteriori model reduction (4.2).
Fit updated tax-shock forecast A(T') := m > 11, and set A(T) := A(T).
Set &sim == ||(, f) — (¢, /), and G := G.

end while

Compute error measure.
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