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Abstract

In this paper we prove the existence of recursive equilibria in a dynamic stochastic model with
infinitely lived heterogeneous agents, several commodities, and general inter- and intra-temporal
production. We illustrate the usefulness of our result by providing sufficient conditions for the
existence of recursive equilibria in heterogeneous agent versions of both the Lucas asset pricing

model and the neoclassical stochastic growth model.
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1 Introduction

The use of so-called recursive equilibria to analyze dynamic stochastic general equilibrium models
has become increasingly important in financial economics, in macroeconomics, and in public finance.
These equilibria are characterized by a pair of functions: a transition function mapping this period’s
“state” into probability distributions over next period’s state, and a “policy function” mapping the
current state into current prices and choices (see, e.g., Ljungquist and Sargent (2004) for an intro-
duction). In applications that consider dynamic stochastic economies with heterogeneous agents
and production, it is typically the current exogenous shock together with the capital stock and the
beginning-of-period distribution of assets across individuals that define this recursive state. We will
refer to recursive equilibria with this minimal “natural” state space simply as recursive equilibria,
or—following the terminology of stochastic games—as stationary Markov equilibria. Unfortunately,
for models with infinitely lived agents and incomplete financial markets no sufficient conditions for
the existence of these stationary Markov equilibria can be found in the existing literature. In this
paper we close this gap in the literature and prove the existence of recursive equilibria for a general
class of stochastic dynamic economies with heterogeneous agents and production. To do so, we
assume that there are two atomless shocks that are stochastically independent (conditional on a
possible third shock that can be arbitrary). The first shock is purely transitory and only affects
fundamentals that influence the endogenous state, while the second does not affect these fundamen-
tals. We illustrate the usefulness of our results by providing sufficient conditions for the existence
of recursive equilibria in heterogeneous agent versions of both the Lucas asset pricing model and

the neoclassical stochastic growth model.

There are a variety of reasons for focusing on stationary Markov equilibria. Most importantly,
recursive methods can be used to approximate stationary Markov equilibria numerically. Heaton and
Lucas (1996), Krusell and Smith (1998), and Kubler and Schmedders (2003) are early examples of
papers that approximate stationary Markov equilibria in models with infinitely lived, heterogeneous
agents. Although an existence theorem for stationary Markov equilibria has not been available, ap-
plied research—even if explicitly aware of the problem—mneeds to focus on such equilibria, as there
are no efficient algorithms for the computation of non-recursive equilibria.! For the case of dynamic
games, Maskin and Tirole (2001) list several conceptual arguments in favor of stationary Markov
equilibria. Duffie et al. (1994) give similar arguments that also apply to dynamic general equilibrium
models: As prices vary across date events in a dynamic stochastic market economy, it is important
that the price process is simple—for instance, Markovian on some minimal state space—to justify

the assumption that agents have rational expectations.

"While Feng et al. (2013) provide an algorithm for this case, their method can only be used for very small-scale

models.



Unfortunately, due to the non-uniqueness of continuation equilibria, stationary Markov equilibria
do not always exist. This problem was first illustrated by Hellwig (1983) and since then has been
demonstrated in different contexts. Kubler and Schmedders (2002) give an example showing the
nonexistence of stationary Markov equilibria in models with incomplete asset markets and infinitely
lived agents. Santos (2002) provides examples of nonexistence for economies with externalities.
Kubler and Polemarchakis (2004) present such examples for overlapping generations (OLG) models,
one of which we modify to fit our framework with infinitely lived agents and production, thereby
demonstrating the possibility of nonexistence and motivating our analysis.

The existence of competitive equilibria for general Markovian exchange economies is shown in
Duffie et al. (1994). The authors also prove that the equilibrium process is a stationary Markov
process. However, we follow the well established terminology in dynamic games and do not refer
to these equilibria as stationary Markov equilibria, because the state also contains consumption
choices and prices from the previous period.

Citanna and Siconolfi (2010 and 2012) provide sufficient conditions for the generic existence of
stationary Markov equilibria in OLG models. However, their arguments cannot be extended to
models with infinitely lived agents or to models with occasionally binding constraints on agents’
choices, and for their argument to work in their OLG framework they need to assume a very large
number of heterogeneous agents within each generation.

Duggan (2012) and He and Sun (2017) give sufficient conditions for the existence of stationary
Markov equilibria in stochastic games with uncountable state spaces. Building on work by Nowak
and Raghavan (1992), He and Sun (2017) use a result from Dynkin and Evstigneev (1977) to pro-
vide sufficient conditions for the convexity of the conditional expectation operator. They show that
the assumption of a public coordination device (“sunspot”) in Nowak and Raghavan (1992) can be

generalized to natural assumptions on the exogenous shock to fundamentals.

To show the existence of a recursive equilibrium, we characterize it by a function that maps
the recursive state into the marginal utilities of all agents. Our first proposition shows that such
a function describes a recursive equilibrium if it is a fixed point of an operator that captures the
period-to-period equilibrium conditions. Using this characterization, we proceed in two steps to
prove the existence of a recursive equilibrium. First, we make direct assumptions on the function
that maps the current recursive state and current actions into the probability distribution of next
period’s recursive state. Assuming that this function varies continuously with current actions (a
“norm-continuous” transition), the operator defined by the equilibrium conditions is a non-empty
correspondence on the space of marginal utility functions. Unfortunately, the Fan—Glicksberg fixed-

point theorem only guarantees the existence of a fixed point in the convex hull of this correspondence.



However, following He and Sun (2017) we give conditions that ensure that this is also a fixed point
of the original correspondence. For this, we assume that the density of the transition probability is
measurable with respect to a sigma algebra that is sufficiently coarse relative to the sigma algebra
representing the total information available to agents. This establishes Proposition 2, which provides
a first set of sufficient conditions for the existence of recursive equilibria. In a second step, we provide
concrete assumptions on the stochastic process of exogenous shocks; assumptions that guarantee
that the conditions of Proposition 2 are indeed satisfied. In particular, we assume that the shock
process driving fundamentals contains, in addition to a possible main component that is not subject
to specific assumptions, two components that both have an atomless distribution—the transition
component and the noise component. The transition component is purely transitory and only affects
fundamentals that influence the endogenous state. The noise component, in contrast, does not
affect these fundamentals and is, conditional on the main component, independent of the transition
component and of the previous period’s shocks. Theorem 1 states that under these assumptions a
recursive equilibrium exists.

We apply our result to two concrete models used frequently in macroeconomics and finance. We
first prove the existence of a recursive equilibrium for a heterogeneous agent version of the Lucas
(1978) asset pricing model with displacement risk. Second, we prove existence in a version of the
Brock and Mirman (1972) stochastic growth model with inelastic labor supply and heterogeneous
agents.

We present our main result and our two applications for models without short-lived financial
assets—this makes the argument simpler and highlights the economic assumptions necessary for
our existence result. As an extension, we introduce financial securities together with collateral con-
straints. In order to define a compact endogenous state space we need to make relatively strong
assumptions on endowments and preferences, and to impose constraints on trades. It is subject to
further investigation whether these assumptions can be relaxed. While it is well understood that
without occasionally binding constraints on trade the existence of a recursive equilibrium cannot
be established (see, e.g., Krebs (2004)), the assumptions made in this paper are certainly stronger

than needed.

In a stationary Markov equilibrium the relevant state space consists of both endogenous and
exogenous variables that are payoff-relevant,? predetermined, and sufficient for the optimization of
individuals at every date event. There are several computational approaches that use individuals’
“Negishi weights” as an endogenous state instead of the distribution of assets (see, e.g., Dumas
and Lyasoff (2012) or Brumm and Kubler (2014)). Brumm and Kubler (2014) prove existence in a

model with overlapping generations, complete financial markets, and borrowing constraints, but the

?Maskin and Tirole (2001) give a formal definition of payoff-relevant states for Markov equilibria in games.



approach does not extend to models with incomplete markets. In this paper we focus on equilibria
that are recursive on the “natural” state space—that is to say, the space consisting of the exogenous

shock and the asset holdings of all agents.

The rest of the paper is organized as follows: Section 2 presents the general model and gives an
example in which no recursive equilibrium exists. Section 3 provides our existence theorem. Section

4 presents two applications. Detailed proofs can be found in the appendix.

2 A general dynamic Markovian economy

In this section we describe the economic model and define recursive equilibrium. While we consider
an abstract and general model of a production economy, there are two special cases of the model
that play an important role in practice. In the first, a heterogeneous agent version of the Lucas
(1978) asset pricing model, agents trade in several long-lived assets that are in unit net supply
and pay exogenous positive dividends in terms of the single consumption good. In the second, a
version of the Brock—Mirman stochastic growth model with heterogeneous agents, there is a single
capital good that can be used in intraperiod production, together with labor, to produce the single
consumption good. This good can be consumed or stored in a linear technology yielding one unit
of the capital good in the subsequent period. We show in Section 4 how our general existence proof
can be used to provide sufficient conditions for existence of recursive equilibria in versions of these

two models.

2.1 The model

Time is indexed by t € Ny. Exogenous shocks z; realize in a complete, separable metric space Z, and
follow a first-order Markov process with transition probability P(.|z) defined on the Borel o-algebra
Z on Z—that is, P : Z x Z — [0,1]. Let (%), or in short (z), denote this stochastic process
and let (F;) denote its natural filtration (i.e., the smallest filtration such that (z;) is Fy-adapted).
A history of shocks up to some date t is denoted by z' = (29, 21,...,2) and called a date event.
Whenever convenient, we simply use ¢ instead of z¢.

We consider a production economy with infinitely lived agents. There are H types of agents,
heH = {l,...,H}. At each date event there are L perishable commodities, [ € L = {1,..., L},
available for consumption and production. The individual endowments are denoted by wy,(2?) € RJLr
and we assume that they are time-invariant and measurable functions of the current shock. We
take the consumption space to be the space of F;-adapted and essentially bounded processes. Each

agent h has a time-separable expected utility function

Un((zh1)iZo) = Eo [Z Stuy, (Zt,ivh,t)] ,

t=0
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where § € R is the discount factor, zp,; € RY denotes the agent’s (stochastic) consumption at date
t, and (xp¢);2, denotes the agent’s entire consumption process.

It is useful to distinguish between intertemporal and intraperiod production. Intraperiod pro-
duction is characterized by a measurable correspondence Y : Z =3 R, where a production plan
y € R is feasible at shock z if y € Y(z). For simplicity (and without loss of generality) we assume
throughout that each Y (z) exhibits constant returns to scale so that ownership does not need to
be specified.

Intertemporally each type h = 1,..., H has access to J linear storage technologies, j € J =
{1,...,J}. At a node z each technology (h, j) is described by a column vector of inputs agj(z) e RL,
and a vector-valued random variable of outputs in the subsequent period, a,l1 y () e Rﬁ, 2 eZ. We
write A%(z) = (al,(2),...,a%;(2)) for the L x J matrix of inputs and A}, (') = (a},(2'), ..., a} ;(2))
for the L x J matrix of outputs. We denote by ay(2!) = (ap1(2t), ..., ans(28)) T € RZ the levels at
which the linear technologies are operated at node z! by agent h.

Each period there are complete spot markets for the L commodities; we denote prices by p(z?) =
(p1(2Y),...,pr(2)), a row vector. For what follows it will be useful to define the set of stored

commodities (or “capital goods”) to be

L ={leL: Z Za}tﬂ(z) > 0 for some z € Z},
heH jeJ

and to define KV = {x € RZL : 2, = 0 whenever | ¢ LX h € H}. We decompose individual

endowments into capital goods, fj, and consumption goods, e, and define

fra(2) = wn(z) ifle LK

0 otherwise,

and ep(2) = wp(2) — fr(2).

At t = 0 agents have some initial endowment in the capital goods that might be larger than
fr(20) and to simplify notation we write the difference as Aj (29)ap(z71) for each agent h.

Given initial conditions (fy(z0) + A}Z(Zo)ah(zil))he]:—l e KY, we define a sequential competitive

equilibrium to be a process of Fy-adapted prices and choices,

(Pts (Tnts Oht) pep 737t)::x;0 )

such that markets clear and agents optimize—that is to say, (A), (B), and (C) hold.
(A) Market clearing:
Z (Zn(2Y) + AV (z)an(2Y) —wp(z) — Af (z)an(zt1) = 4(2Y),  for all 2t
heH
(B) Profit maximization:

ot _t
z € ar max VA Y.
y(z") ger(Zt)p( )y



(C) Each agent h € H maximizes utility:

(fh,u O_éh,t)?ozo € arg max Uh((xh,t)?:o)
(%h,t,0h,t) 520 =0

s.b. p(2") - (zn(2) + AP (20)an(2') — wi(z) — A (20)an(2'1)) <0, for all 2°.

2.2 Recursive equilibrium

We take as an endogenous state variable the beginning-of-period holdings in capital goods, obtained
from storage and as endowments. We fix an endogenous state space K « KV and take S = Z x K.

A recursive equilibrium consists of “policy” and “pricing” functions
F,:S—RIY F.S-RIF F,.8 - AF!

such that for all initial shocks 2 € Z, and all initial conditions (A} (z0)an(z™") + fr(20)) e € K,
there exists a competitive equilibrium

(Pts (Tt Qnt) ey » gt):io

such that for all z*
s(2') = (zt, (A,ll(zt)@h(ztfl) + fh(zt))heH) eZxK
and p(z') = Fp(s(2")), z(2") = Fyu(s(2")), a(z!) = Fa(s(2")).

For computational convenience one typically wants K to be convex—this will be guaranteed
in our existence proof below but for now we do not include the requirement in the definition of
recursive equilibrium. Note also that we chose the endogenous state space K to be a subset of KV,
where KV represents the holding of broadly defined capital goods L. At the cost of notational
inconvenience one could define capital goods and the space of capital holdings agent-wise by

LE ={leL: Za,llﬂ(z) >0}, KY = {z e R : 27 = 0 whenever [ ¢ L}
jed
The endogenous state space would then satisfy K < X, 5 K,[{, which could be considerably smaller
than in the above definition, depending on the application. Similarly, one could make the space of

capital holdings depend on the shock z € Z.

2.3 Possible nonexistence

Before we turn to our existence proof in Section 3, we now provide an example that illustrates
why recursive equilibria may fail to exist. The example is inspired by Kubler and Polemarchakis
(2004) and has the advantage that it can be analyzed analytically and all calculations are extremely

simple.? In this example, agents make the same storage decisions in two different exogenous states.

3Kubler and Polemarchakis (2004) provide a second example where preferences and endowments are more standard,
but we would need tools from computational algebraic geometry to analyze it and the basic point can be illustrated

well in the simpler setup.



Yet these decisions are only consistent with intertemporal optimization because expectations about
the next period’s prices differ. Therefore, equilibrium prices are not only a function of capital
holdings, but also of the previous period’s exogenous state. Thus, an equilibrium that is recursive
in the natural state does not exist.

The details of the example are as follows. We assume that there are only three possible shock
realizations, 2’ € {1,2,3}, which are independent of the current shock and equiprobable, thus
mw(2'|z) = 1/3 for all 2,2 € {1,2,3}. There are two commodities and two types of agent. As
in Section 2.1, we assume that each agent maximizes time-separable expected utility, and to make
computations simple we assume § = 1/2. Each agent has access to one storage technology.* Agent
1’s technology transforms one unit of commodity 1 at given shocks z = 1 and z = 2 to one unit of
commodity 1 in the subsequent period whenever shock 3 occurs. Agent 2’s technology transforms
one unit of commodity 2 at given shocks z = 1 and z = 2 to one unit of commodity 2 in the
subsequent period whenever shock 3 occurs. At shock z = 3 no storage technology is available.’> All

in all, we have

ul(z = 17 <$17$2 ) = Ul(z = 2,%) = —= =, Ul(z = 371') = —— +$2,
61'1 1

(2 =1 (@1,2)) = ua(z = 2,2) =~ us(z = 8,2) !

ug(z =1, (z1,22)) = us(z = 2,2) = ———, wug(z=3,2) =2 — —.

2 ) 1,42 2 ; 6%2’ 2 ) 1 To

Endowments of agents of type 1 are
wi(z =1) = (w11(1),w12(1)) = (2,0), wi(z =2)=(0.1,0), wi(z=3)=(0,2),
and endowments of agents of type 2 are
wa(z=1)=(0,0.1), wa(z=2)=(0,2), wa(z=23)=(2,0).

For simplicity we set up the example completely symmetrically. In shocks 1 and 2, agent 1 only
derives utility from consumption of good 1 and is only endowed with good 1, agent 2 only derives
utility from good 2 and is only endowed with this good.

It is easy to see that at shocks 1 and 2 there will never be any trade. By assumption, if shock

3 occurs there cannot be any storage. Therefore, the economy decomposes into one-period and

4To simplify notation we assume that each agent has his or her own technology but given our assumptions on

endowments, below, it would be equivalent to assume that each agent has access to both technologies.
5The assumption is made for convenience—all one needs is productivity low enough to guarantee that the tech-

nology is not used. In a slight abuse of notation we write a$(3) = o0.



two-period “sub-economies”. The only non-trivial case is when shock 3 is preceded by either shock 1
or 2. In these two-period economies, agents make a savings decision in the first period and interact
in spot markets in the second period.

To analyze the equilibria in these two-period economies, it is useful to compute the individual

p2(2'=3)
p1(2’'=3)

of commodity 1 obtained by agent 1’s storage, 1, and amounts of commodity 2 obtained by agent

demands in the second period in shock 3 as functions of the price ratio p = given amounts

2’s storage, k9. We obtain for agent 1,

. (ﬁ‘/{) (ﬁwlg(f}) + K1, 0) for ﬁW12(3) — \/5 + k1 <0
1 ==
(VD wi2(3) — ﬁ + 1) otherwise,

and, symmetrically for agent 2,

I () WIT@ + Ka) for wa1(3) — /P + pra <0

w2(fl) = (w21(3) — /P + Dka, %) otherwise.
We note first that, in equilibrium, agent 2 never stores in shock 1 and agent 1 never stores in shock
2. To see this, observe that agent 2 stores in shock 1 only if his or her consumption in good 2 in the
subsequent shock 3 is below 0.1. However, z2(p|r) < 0.1 and x = 0 implies wo;(3)/p < 0.1, thus the
(relative) price of good 2, p, must be at least 20. But then agent 1’s consumption of good 1 must
be at least 4/20, which violates feasibility. Therefore there cannot be an equilibrium where agent 2
stores in shock 1. The situation for shock 2 is completely symmetric—agent 1 will never store in
this shock.

We now consider a two-period economy with the initial shock equal to 1 where agent 2 does
not store—that is, ko = 0. If also k1 = 0, then the equilibrium conditions for the second period
spot market have a continuum of solutions: any p satisfying wi2(3)™2 = 1/4 < p < w91(3)? = 4 is
a possible spot market equilibrium. However, we now show that in the two-period economy only
p = 4 is consistent with agent 1’s intertemporal optimization. For p = 4, agent 1’s consumption at
shock 3 is given by z1 (2 = 3) = (2, 1.5). If agent 1’s consumption in good 1 drops below 2, he or she
will always store positive amounts, and by feasibility it cannot be above 2 without storage. To see
that this equilibrium is unique, first observe that there cannot be another equilibrium with identical
consumption for agent 1 in good 1. To see that there cannot be an equilibrium with x; > 0, observe
that for k1 > 0 the only possible spot equilibrium would have 17 = 2 + k1. However, the Euler
equation implies that x1 > 0 is then inconsistent with intertemporal optimality. When the economy
starts in shock 2, the situation is completely symmetric, with only one possible equilibrium with
K1 =ky=0,p= % and agent 1’s consumption given by x1(z’ = 3) = (0.5,0).

Thus, in every competitive equilibrium we have k1 = k3 = 0 and consumption and prices in

shock 3 differ depending on whether the realization of the previous shock was 1 or 2. Therefore,

there is no recursive equilibrium.



Clearly, the counterexample relies crucially on the fact that given k1 = ko = 0 there are sev-
eral possible continuation equilibria. As Kubler and Schmedders (2002) point out, the assumption
of uniqueness of competitive equilibria for all possible initial conditions ensures the existence of a
recursive equilibrium. However, this assumption is highly unreasonable. For models with infinitely
lived agents and incomplete financial markets no assumptions are known that guarantee uniqueness.
Ever since Kehoe (1985) it has been well known that, even for the static Arrow-Debreu model with
production, conditions that guarantee uniqueness of equilibria are too restrictive to have much ap-
plicability. Moreover, none of these conditions extend to dynamic stochastic models with incomplete
markets. Therefore, we do not try to find conditions that rule out multiple equilibria. Instead, our
strategy is to find conditions that ensure, in the presence of multiple equilibria, that there is at least

one equilibrium that is recursive in the natural state.

3 Existence

In this section we prove the existence of a recursive equilibrium for the general model presented in
Section 2. Section 3.1 shows how to characterize recursive equilibrium via marginal utility functions.
Section 3.2 proves existence making direct assumptions on the transition probability for the recursive
state. Assumptions on the economic fundamentals which guarantee that these conditions hold are
provided in Section 3.3. In Section 3.4 we outline how our results can be extended to allow for

financial assets.

3.1 Characterizing recursive equilibria

We now characterize recursive equilibrium via a function that maps the recursive state into marginal
utilities of all agents. We show that such a function describes a recursive equilibrium if it is a fixed
point of an operator that captures the period-to-period equilibrium conditions.

Since we consider an economy with several commodities we want to allow for the fact that some
commodities do not enter the utility functions of agents and some commodities, although their
consumption provides utility, are not essential in that an agent might decide to consume zero of
that commodity. Nevertheless, we need to assume that there is at least one commodity that is
essential in the sense that independently of prices an agent will always consume positive amounts of
that commodity. For simplicity we take the consumption space to be C = R, x Rﬁ_l, assuming
that utility and marginal utility are well defined even if consumption of goods 2, ..., L are on the
boundary. It is straightforward to amend our proofs and to allow for additional Inada conditions
for some, or all, of the commodities 2,..., L.

We make the following assumption on preferences and endowments:

ASSUMPTION 1

10



1. Individual endowments in good 1 and aggregate endowments in all other goods are bounded above

and bounded below away from zero—that is, there are w,@ € R such that for all shocks =

w < wp1(z) < w for all agents h,

1
T Z wpi(z) <w for all goodsl =2,... L.
heH

2. The agents’ discount factor satisfies § € (0, 1).

3. The Bernoulli functions up, : Z x C — R, h € H, are measurable in z, they are increas-
ing, concave, and continuously differentiable in x, they are strictly increasing and strictly con-
cave in x1, and they satisfy a strong Inada condition: for any sequence x} — 0, we have
SUP_e7 (2,....x1 )R up(z, (x}, x2,...,xL)) — —oo. Utility is bounded above: there exists a

@ such that up(z,z) < u forallheH, z€Z, z € C.

The assumption on utility seems strong but it is a direct generalization of the assumptions in Duffie et
al. (1994) to an economy with several commodities and continuous shocks. In specific applications,
the assumption that individual endowments are strictly positive in the “essential” commodity, good
1, and the assumption that aggregate endowments are positive in all goods can be replaced by
alternative assumptions, as we discuss in Section 4.2.

As in Duffie et al. (1994), Assumption 1 implies that there is a ¢ > 0 such that, independently
of prices, an agent will never choose consumption in commodity 1 that is below ¢. The reason is
that budget feasibility implies that an agent can always consume his or her endowments (the agent
cannot sell them on financial markets in advance), and we therefore must have, for any shock z and

for any x with 1 < ¢,

ou 1
=5 < 1—g (2 2),

where 4 is the upper bound on Bernoulli utility and z; = w,z; =0, =2,..., L.

'U,h(Z,IL') +

The lower bound on consumption implies an upper bound on marginal utility, which we define by%

oup(z, x)

(1)

m = max sup P
heH xeRﬁ,xlzglzeZ 1

We make the following assumptions on production possibilities:

ASSUMPTION 2 For each shock z the production set Y(z) < R” is assumed to be closed, convex-
valued, to contain R”, to exhibit constant returns to scale—that is, y € Y (z) = Ay € Y (2) for all
A = 0, and to satisfy Y(z) n =Y (z) = {0}. In addition, production is bounded above: There is a
i€ Ry sothat forall ke KY, he H, z € Z, l € LY, and for all a € RY/

Z (A?l(z)ah — Kp — eh(z)) € Y(z) = sup Z (fru(2) + Z anji(2 Nanj) < max][F, Z Khi]-

heH Z" heH jed heH

5In our results below we will often require that variables are actually bounded away from some lower (or upper)

bound b (or b). In order to ensure this, we take a known bound a (or @) in R4 and define b = a/2 (b = 2a).
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While the first part of Assumption 2 is standard, the second part is a strong assumption on the
interplay of intra- and inter-period production. For each capital good, the economy can never grow
above K when starting below that limit. The assumption is made for convenience and ensures
boundedness of consumption. In specific applications stronger assumptions on the correspondence
Y (.) can lead to a relaxation of the second part of Assumption 2 (see Section 4.2 below).

We define
K={ceKY:Ho< ) ry<rforallleL; if1eL”, kp >wilorallheH (2
heH

and take the state space to be S = Z x K with Borel o-algebra S. We define E to be the set of

storage decisions across agents, «, that ensure that next period’s endogenous state lies in K:
- HJ . 1
E={aeRy": (fu(2) + Ap(z)an), g € K for all 2’ € Z}. (3)

The following proposition gives a characterization of recursive equilibria that is at the heart of

our existence proof below.

PROPOSITION 1 Suppose Assumptions 1 and 2 hold. Then a recursive equilibrium exists if there are
bounded functions M : S — REL such that for each s = (2, k) € S there exist prices p e A*~1, p; > 0,

production plans i € Y (z), and choices {(Z},, &, )nemm with @ € B such that for each he H ,

oup(z,T D,
Mhl(s) = ha(h)a Mhl(S) ZMhl(S)g7 l:27""L
L1 P
and
(Zp,ap) € arg max  up(z,zp) + 0K [Mh(s’)A;lL(z’)ah] s.t. (4)
thC,ahGRi
—p - (xp + A%(z)ah — Ky —ep(z)) =0,
where

s = (¢, (AR + fa(2) pert) -
production plans are optimal,

Yy € arg max p- v,
yeY (2)

and markets clear,

> (@n + A (2)an — en(2) — k) = 7.
heH

The key idea of this proposition is that the first order conditions of (4) are identical to the agents’
intertemporal Euler equations. The proof proceeds by showing that these Euler equations are
necessary and sufficient for optimal intertemporal choices. The alternative characterization of a
recursive equilibrium in terms of M-functions provided in Proposition 1 is useful because it allows

us to show existence through a fixed-point argument in the space of these marginal utility functions.
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This strategy of proof is possible as we can (under suitable additional assumptions) show that for any
given measurable and bounded function M(.) there exist prices and choices satisfying the conditions

in Proposition 1. This is formalized in Lemma 2 below.

3.2 Existence under assumptions on the transition

Using the characterization of recursive equilibrium given in Proposition 1, we now prove its existence
by making direct assumptions on the function that maps the current recursive state and current
actions into the probability distribution of next period’s recursive state. In Section 3.3 we provide
concrete conditions on the exogenous shocks that are sufficient to ensure that these assumptions
hold.

Assuming that the probability distribution of the next period’s state varies continuously with
current actions, we will show that the operator defined by the equilibrium conditions is a non-
empty correspondence on the space of marginal utility functions. By the Fan—Glicksberg fixed-
point theorem this implies the existence of a fixed point of the convex hull of this correspondence.
Making an additional assumption that ensures the presence of “noise” as in Duggan (2012)—the
actual assumption we make is from He and Sun (2017)—we can prove the existence of a recursive
equilibrium. Note that, in general, continuation equilibria will not be unique and our assumptions
imply nothing about their uniqueness. However, Assumptions 3.1 and 3.2 below ensure that there
exists a measurable selection of continuation equilibria whose conditional expectation is a continuous
function of today’s choices. Furthermore, Assumption 3.3 ensures that any measurable selection
of the convex hull of all continuation equilibria is itself a continuation equilibrium. While our
assumptions do not rule out multiple continuation equilibria, they guarantee the existence of a
recursive equilibrium.

To state the assumptions formally, first note that the exogenous transition probability PP implies,
given choices a € =, a transition probability Q(.|s,«) on S: given « across all agents, and next

period’s shock 2/, the next period’s endogenous state is given by

(fh(z/) + A}L(z')ah)heH .

To prove the existence of a recursive equilibrium we first make additional assumptions directly on
Q. To state them we need the following definition from He and Sun (2017): Given a measure space
(S,S) with an atomless probability measure A and a sub-o-algebra G, let G® and S” be defined as
{BnB':B €G}and {Bn B': B €8}, for any non-negligible set B € S. A set B € S is said to
be a G-atom if \(B) > 0 and given any By € SP, there exists a By € GZ such that A(By/AB;) = 0.

The following assumptions are from He and Sun (2017)7—in Section 3.3 we give assumptions

" Assumptions 3.1 and 3.2 correspond to the assumptions made by He and Sun (2017) on the transition probability
representing the law of motion of the states. Assumption 3.3 corresponds to their crucial sufficient condition for

existence, called the “coarser transition kernel”.
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on fundamentals that imply Assumption 3 and thereby ensure existence.

ASSUMPTION 3

VeE,

1. For any sequence o™ € E with " — «

sup |Q(Bls, ™) — Q(Bls,a”)| — 0.
BeS

2. Forall (s,c), Q(.|s, ) is absolutely continuous with respect to the probability measure X on (S, S)

with Radon—Nikodym derivative q(.|s, a).

3. Thereis a subc-algebra G of S such that S has no G atom and q(.|s, ) and A'(.) are G-measurable

for all s = (z,k) and all a € E.

The first existence result of this paper is as follows:

PROPOSITION 2 Under Assumptions 1-3 a recursive equilibrium exists.

To prove the result, let L7} (S, S, \) be the space of essentially bounded and measurable (equiv-
alence classes of) functions from S to R™ with m = HL. Following Nowak and Raghavan (1992)
and Duggan (2012), we endow L1} with the weak™ topology o(LZ, L}"). For any b > 0 the set of
measurable functions that are A-essentially bounded above by b and below by 0 is then a non-empty,
convex, and weak* compact subset of a locally convex, Hausdorff topological vector space. We de-
note this set by M? c L. Since S is a separable metric space, L' is separable, and consequently
M? is metrizable in the weak* topology. We define LY, = L™ to be the set of functions in L'? that

are essentially bounded below by zero. Given any M = (M*',..., M) e L}, we define

EM (s, xp, o, ®) = up(z,2) + 0Fg [Mh(s’) . A,ll(z/)ozh] (5)

with
s = (z’, (fh(z/) + Ai(z’)ai)heH) .
In the definition of E,]f[, the ap € R‘fr stands for the choice of agent h, while a* € Rf‘] is taken

by individuals as given—in particular its influence on the state transition. Lemma 1 states the

properties of the function E,]LV[ that we need in Lemma, 2.

LEMMA 1 Given any M € L} and h € H, the function E}L\Z(, Th, ap, @*) is measurable in s. For given

s, the function is jointly continuous in x5, ay,, o and M.

The next lemma is the key result in this subsection and it guarantees the existence of a policy in the
current period that satisfies the equilibrium conditions, given arbitrary, measurable, and bounded

marginal utilities in the subsequent period.® The key idea is that Lemma 1 implies that the agents’

81n our setup this result plays the same role as the result that there always exists a mixed strategy Nash equilibrium

for the stage game in the stochastic game setup.
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objective functions are continuous and a standard fixed-point argument can be employed to show
the existence of market clearing prices in the current period for any (bounded and measurable)

continuation marginal utility in the subsequent period.

LEMMA 2 For each b > 0 there is an ¢ > 0 such that for any M € M and all s = (z, k) € S there exist

zeRIL aeE, jeY(z), and pe AL~ with py > € such that

> (@n + AY(2)an — en(2) — k) = 7, (6)
heH
for each agent h
(Zp,ap) € arg  max E,]L\Z(s,xh,ozh,&) s.t. (7)

thC,OL;LE]Ri

—p - (zn —en(2) — kp + Ap(2)an) = 0,

and
y€E max p-y. 8
Y argye a(z)p Y (8)

For a given M, we define the (consumption) correspondence s = N ;(s) to contain all ((z},)hen, )
such that there exist (ap)nemm € E and y € Y(2) that satisfy Equations (6), (7), and (8). We define
the associated (marginal utility) correspondence s =3 P;(s) by

oup(z,zn) p2 Qup(z,xp) P 6uh(z,mh)) }
Pi(s) = , = e, — c(x,p) e Ny (s) ¢,
(5) {( orpr p1 Orpy p1 Oxp heH (@.p) (s)

and P by requiring

P (s) = conv (P;(s)) for all s €S,

where conv(A) denotes the convex hull of a set A. Let R(M) be the set of (equivalence classes of)
measurable selections of P ;, and R(M) the set of measurable selections of P%7. Note that for
any M < MP this defines a correspondence R® : M =3 LZ. In the following, we first establish that
for convex and closed domains M this correspondence has a closed graph and non-empty, convex
values. Then we go on to show that the set M can be chosen to ensure that R“ maps into M and
that a fixed point of this map describes a recursive equilibrium as in Proposition 1. The following

lemma is an important but standard technical result (see, e.g., Nowak and Raghavan (1992)).

LEMMA 3 For each M € L%, the correspondence P y;(s) is weakly measurable and compact valued,
and for any b > 0 and any weak* closed and convex Ml ¢ M the correspondence R® : M =3 L' is

non-empty, convex, weak* closed valued, and has a weak* closed graph.

As explained in the introduction, our existence proof relies on the Fan—Glicksberg fixed-point
theorem, which will guarantee the existence of a fixed point of R®. In order to deduce from that

the existence of a recursive equilibrium we follow a similar approach as He and Sun (2017).
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LEMMA 4 Let F : S =3 R¥L pe an integrably bounded and closed valued correspondence and define
F(s) = conv(F(s)) for all s € S. Let M(s) = (M}(s), ..., M*s))iL, be a measurable selection of

F<. Then there exists an M that is a measurable selection of F such that forallhe H, s€ S, a € =

f My (s AL(2")dQ(s'|s, o) = f My (s AL(2)dQ(s'|s, ).
S S

For arbitrary M? the correspondence R : M? =3 L7 does not necessarily map into M?. The final
lemma of this section establishes the existence of a suitable subset of L}, which can be used for the

fixed-point argument.

LEMMA 5 There exists a convex and weak* compact set M* < L% such that R°(M) < M* for all

M e M*.

To complete the proof of the existence of a recursive equilibrium—that is to say, the proof of
Proposition 2, recall the statement of the Fan—Glicksberg theorem (see, e.g., Aliprantis and Border
(2006, Theorem 17.55)). Suppose M is a non-empty compact convex subset of a locally convex
Hausdorff topological vector space; then a correspondence M =2 M has a fixed point if it has closed
graph and non-empty convex values. For M* as in Lemma 5, by Lemma 3 and Fan—Glicksberg
fixed-point theorem there exists a M € M* such that M e RCO(M). By Lemma 4 it is then clear
that for all s, Py, (s) = Py«(s) and M* must be a S-measurable selection of Py (s). Therefore
there exists a bounded function M* that satisfies the conditions of Proposition 1 and a recursive

equilibrium exists.

3.3 The existence theorem

So far, we have shown the existence of a recursive equilibrium under Assumptions 1-3. However,
Assumption 3 is not a direct assumption on the fundamentals of the economy, but rather on how
the transition probability for exogenous and endogenous states varies with choices. We now provide
concrete assumptions on the stochastic process of exogenous shocks—assumptions that guarantee
Assumption 3 and thus the existence of a recursive equilibrium.

In particular, we now assume that the space of exogenous shocks can be decomposed into three
complete, separable metric spaces, Z = Zg x Z1 X Zy with Borel o-algebra Z = 25 ® 21 ® Z5, and
the shock is given by z = (2o, 21, 22). Moreover, for each i = 0,1, 2 there is a measure y., on Z; and
there are conditional densities r,, (2|2, 2), 72, (#1|2), and r,,(25|z, 2{,, 21) such that for any B € Z

we have

P(B|z) = fz L L 1p(2 Vs (2512, 2y 2410 (2120 24)1es (21 2) g (24) it () iz (22).
1 0 2

To ensure the continuity of the state transition in Assumption 3.1, we assume that the shock z

is purely transitory, has a continuous density, and only affects agents’ f-endowments. Moreover,
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given z1 and z9, there is a diffeomorphism from Zg to a subset of K. More precisely, we make the

following assumptions:

ASSUMPTION 4

1. zy is purely transitory—that is, for all zg, 20 € Zo and all (z1,29) € Z1 x Zs,
P(.|20, 21, 22) = P(.|20, 21, 22)-

2. Zy is a subset of an Euclidean space, (1., is Lebesgue, and the density r,(.|z, 2}) is continuous

for almost all (z, z7).

3. For all (z1,22) € Z1 x Za, (fu(., 21, 22))neq is @ C'-diffeomorphism from Zg to a subset of K
with a non-empty interior. All other fundamentals are independent of zo—that is, for all h, we
can write e, (2) = ep(z1, 22), A%(Z) = A2(21722), Alll(z) = A}L(Zl,@): up(z,.) = up((21, 22), .),
Y(z) =Y (21, 22).

Assumption 4.3. can be slightly relaxed in that we can allow A} (z) to depend on zj if we assume

that for all a > 0, (fh(., Zh,2h) + AL (L 2, zé)a) is a diffeomorphism from Zg to a subset of RA L.

heH
For simplicity we take A} (.) to be independent of z.
To ensure that the z9 shock gives us convexity in the conditional expectation operator we make the

following assumption:

AssuMPTION 5 Conditionally on next period's 2|, the shock zy is independent of both z and the
current shock z. Conditionally on 2, the measure i, (.|z]) is absolutely continuous with respect to some
atomless probability measure on Zs so that we can write the density as 1., (25|z, 2, 2]) = 72, (25]2]).

Moreover, for each agent h, A} (z) and f,(z) do not depend on zs.

This construction was first used in Duggan (2012). It is clear that this is a strict generalization of
a “sunspot”. The shock zy can affect fundamentals (ep,, up)peg and Y in arbitrary ways.

The following is the main result of the paper.

THEOREM 1 Under Assumptions 1, 2, 4, and 5 there exists a recursive equilibrium.

To prove the theorem we show that Assumptions 4 and 5 imply Assumption 3 if state transitions
and the state space are reformulated appropriately. It is easy to notice that since the shock zg is
purely transitory and does not affect any fundamentals except (fp), the realization of this shock
is reflected in the value of the endogenous state xk and except for the value of « it is irrelevant for
current endogenous variables and the future evolution of the economy. Therefore, departing slightly

from our previous notation, we take S = Z; x Zs x K with Borel o-algebra §. Furthermore, we
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write S = Z; x K for the space that includes only the z1-shock component and the holdings in

capital goods; we denote the Borel g-algebra on S by S. For each B € S, take

Q(Bls,a) =P ({z' € Z: (21, 23), (fa(2') + AL (2 )an)nen) € B}l2).

The following lemma establishes that Assumptions 4 and 5 provide sufficient conditions for Assump-

tion 3 and hence for the existence of a recursive equilibrium.

LEMMA 6 Under Assumptions 4 and 5, Q(.|s,«) satisfies Assumption 3.

The proof of Theorem 1 now follows directly from the argument above—that is to say, the result

follows directly from Proposition 2.

3.4 Financial markets

So far, we have considered the case without trade in one-period financial assets. We now briefly
outline how financial markets can be incorporated into our framework. More precisely, we assume
that agents can trade in financial assets, in addition to undertaking intertemporal storage. There
are D one-period securities, d = 1, ..., D, in zero net supply, each being characterized by its payoff
bg: 17 — Ri, which is a bounded and measurable function of the shock. At each 2!, securities are
traded at prices q(z!); we denote an agent’s portfolio by 0, (z!) € RP.

In order to establish the existence of a recursive equilibrium we need to restrict agents’ portfolio
choices. Let K be defined as in (2) above and E as in (3). Each agent h faces a constraint on trades
in asset markets and storage decisions («,#), given by a convex and closed set @), Ri x RP,

which satisfies that whenever o € E and («, 6) € @), then

D
Al (Na + Z Oaba(z') = 0 for all 2’ € Z.
d=1

Without loss of generality we assume that trade is possible in all financial securities—that is, for
each d there is an agent h and an « € E so that for some ; < 0, («,0) € ©),. Note that collateral

constraints of the form

D
Al (2o + Z min(fy,0)bg(z") = 0 for all 2’ € Z 9)
d=1

are one example of constraints that satisfy our assumption. However, this is a somewhat nonstan-
dard formulation of a collateral constraint since agents cannot borrow against the value of their
future production—they need to borrow against future production directly.

As before, the endogenous state space is given by K. A recursive equilibrium is given by maps
from the state s € S = Z x K to prices of commodities and financial securities and to consumption,

investment, and portfolio choices across all agents. The analogous result to above is now as follows:
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A recursive equilibrium exists if there are functions M : S — Rf L such that for each s € S

c AL+D71

there exist prices (p, q) , a production plan § € Y(z) for each agent h, optimal actions

(Zp, p, Op) with

oup(z,x D
Mhl(s) = ha(h)’ Mhl(s) :Mhl(s)gv l:27)L
L1 p1
such that
T, an, 0,) €
(Zh, an, On) arg_ max
up(z, x) + OE; [Mh(s’) . (Z a;llj(z’)ocj + Zbd(z/)9d>] s.t.
J d
—G-0—p-(x+ AV 2)a — Ky —en(2)) =0,
where

s’ = (Z/, (A,ll(z’)ah + Zéhdbd(zl) + fh(z')> > ,
d heH
production plans are optimal,

Yy € arg max p - v,
yeY(z)

and markets clear,

> (@n + AY(2)an — en(2) — k) = 7,
heH

and

> 0n=0.

heH
The proof is similar to the proof of Proposition 1.

Assumptions 4.3 and 5 now need to be extended: We assume in addition that for each asset d,

bq(z) is only a function of z;. The definition of the transition probability Q now reads as

Q(B|s,a,0) =P ({z’ € Z: [z, 2, (fu(2) + AL(Z )y, + Zﬁhdbd(z'))heH] € B}|z) .
d

With the additional assumptions, it is easy to see that Lemma 6 holds as stated. The proofs of
Lemmas 1, 3, and 4 are almost identical to those for the case without financial securities. To prove
the analogue of Lemma 2, one can bound the set of admissible portfolios, and proceed as in the
proof of that lemma. To prove the analogue of Lemma 5 it is necessary to make more precise the
constraints subsumed in the set ®—it is easy to see that the proof of the lemma goes through for

the case of collateral constraints (9).

4 Applications

To illustrate the usefulness of the results obtained in our general model we consider heterogeneous

agent versions of the Lucas (1978) asset pricing model and the Brock and Mirman (1972) stochastic
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growth model. We explain that these models can be analyzed as special cases of our general setup
and provide conditions that ensure the existence of a recursive equilibrium. For the Lucas model
our sufficient conditions for existence are much stronger than in Duffie et al. (1994): We assume
that the Lucas tree holdings are subject to displacement risk? and that there is an atomless noise
shock that may effect endowments or preferences. For the neoclassical growth model we assume
that shocks to labor-endowments have an i.i.d. component with continuous density and that there is
an atomless noise shock that may affect preferences or convey news about the probability of future
shocks. While our model has similarities to the models in Krusell and Smith (1998) and in Miao
(2006) it is important to note that it differs in two crucial aspects. We assume that there are finitely
many types of agents and we consider a structure of stochastic shocks that is considerably more
complicated than in these paper. In the conclusion of this paper we explain why our method of proof

cannot be used to obtain existence of a recursive equilibrium without such strong assumptions.

4.1 A Lucas asset pricing model with displacement risk

In the heterogeneous agent version of the Lucas (1978) asset pricing model that is examined in
Duffie et al. (1994) there are J Lucas trees available for trade, j € J = {1,...,J}. These are
long-lived assets in unit net supply that pay exogenous positive dividends in terms of the single
consumption good. Agents can trade in these trees but are not allowed to hold short positions and
there are no other financial securities available for trade. In our setup this amounts to assuming
that there are 2J + 1 commodities, the first being the consumption good, the next J representing
the old trees, and the last J the new trees; there are J linear, intraperiod production technologies
each using one particular commodity j = 2,...,J + 1 as input, generating the same amount of
commodity j = J + 2,...,2J + 1 as output, and also producing some amount of commodity 1.
Finally, in intertemporal production each agent can store each commodity 7 = J + 2,...,2J + 1,
which then yields the same amount of commodity 7 = 2,...,J + 1 in the next period. Agents
only derive utility from consumption of commodity 1 and have positive state-contingent individual
endowments only in this commodity—except for ¢ = 0 when agents have initial endowments in
commodities 7 = 2,...,J + 1 that add up to 1. It is easy to see that a sequential competitive
equilibrium for this version of our model will have the same consumption allocation as a sequential
equilibrium in the heterogeneous agent Lucas model. This exact model, however, does not satisfy
the assumptions needed for Theorem 1, as endowments in the Lucas trees are assumed to be zero.
In contrast, Assumption 4 demands that these endowments are “sufficiently stochastic” to make the
state transition norm-continuous. In the displacement risk model that we now present, endowments

in Lucas trees are stochastic because “new ideas replace old ideas” and thus part of the old Lucas tree

9Modeling the redistributive effects of innovation as “displacement risk” has, in recent years, become popular in
the asset pricing literature (see Garleanu et al. 2012a, Garleanu et al. 2012b). Introducing an assumption in the spirit

of this literature naturally implies a norm-continuous transition as required for our existence result.
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holdings are lost and replaced by new holdings of (potentially) other agents. These new holdings
are modeled as endowments in the Lucas trees. Thus, compared to the above description of the
Lucas tree model, we now assume that the intertemporal storage technologies for the Lucas trees
are risky and that endowments in the Lucas trees are stochastic.

The general model description from Section 2.1 still applies, yet substantially simplifies. Denot-
ing endowments in the consumption good and the Lucas trees by ep(2:) € Ry and fy(2) € RY,
respectively, dividends of the Lucas trees by d(z) € Ri, holdings (i.e., storage choices) in the tree
by ¢n(z') € R, and the fractions of Lucas trees that are displaced by D(z;) = Y.;cq fn(2t), with
0 < Dj(z) < 1 for all j € J, we can define a sequential competitive equilibrium as follows: given
initial conditions (¢p(271))pem € (AH _1)J a sequential competitive equilibrium is a process of

Fi-adapted prices and choices,
a0
(Pt, (xh,tv ¢h,t)h€H)t:0 ,

such that markets clear and agents optimize—that is, (A) and (B) hold.
(A) Market clearing:

D (n(z") —en(2h) —d(2') <0, Y] gn(2") =1, for all 2.
heH heH

(B) Each agent h = 1,..., H maximizes utility:

Th, € arg max Up(x
(Tn, Pn) g max, n()

st pr(2) (2(21) — en(z0) — d(20)6(21)) +pa(z") (6(=1) — kn(2)) <0, for all 2%,

where we define the Lucas tree holdings at the beginning of the period by

kn(2) = (1= D(2))n (") + ful2e).

Note that we have replaced the profit maximization condition from the general model with market
clearing conditions for the Lucas trees as intraperiod production is trivial—there is only one use for
each capital good. The endogenous part of the state is now the Lucas tree holdings of all agents at

the beginning of the period (after displacement), k, that is
K={seR" : ) kyj=1,0<ry <lforaljedandallheH} = (AT-H7 (10)
heH

With this slightly different choice for the endogenous state space, K, and the according change of
the set of admissible portfolio holdings =, the proof from above goes through with only little change.
Assumption 1 remains unchanged, while the analogue of Assumption 2 is now much more specific;

it reads as follows.

ASSUMPTION 6

21



1. Dividends of the Lucas trees are bounded above and below: There is a W € R, such that

0<dj(z)<wforall jed, z€Z.

2. Displacement is equal to the endowments in the Lucas tree and strictly between zero and one:

0<Dj(z) =Dper fnj(ze) <lforalljel, zeZ.

To state the analogues to Assumptions 4 and 5, we assume the same decomposition of the exogenous

shocks, Z = Zg x Z1 x Zo with Borel o-algebra Z = Zy® Z; ® Z, such that we have for any B e Z

P(Bz) = fz fz L 15(2 )7 (12 2y )70 (120 24010 (2412t (25) g () dien (22).
1 0 2

We take Assumptions 4.1 and 4.2 from above and replace Assumption 4.3 and Assumption 5 by the

following assumption.

ASSUMPTION 7

1. Foreachagenth, and all (z1,z2) € Z1x Za, (fnj(., 21, 22)/Dj (., 21, 22) ) nen, jes is a C*-diffeomorphism
from Zg to a subset of K with a non-empty interior. All fundamentals except f(z) and D(z) are

independent of z.

2. Conditionally on next period’s 2| the shock zj is independent of both z{, and the current shock z.

onditionally on z| the measure 1i,,(.|27) Is absolutely continuous with respect to some atomless
Conditionally 1 th oz (12] bsolutely cont th tt toml

probability measure on Zs, so that we can write the density as r.,(z5|z,2(,2]) = T2, (25]2]).

Moreover, f(z) and D(z) do not depend on z.

Note that Assumption 7.1 does not rule out that D(z) is independent of zy, as it is in Corollary 1

below. All in all, the following theorem follows directly from Proposition 2 and Theorem 1 above.

PROPOSITION 3 Under Assumptions 1, 6, 4.1, 4.2, and 7 there exists a recursive equilibrium.

For illustration purposes we now provide a concrete specification for the stochastic structure of the

economic fundamentals that satisfies Assumptions 6, 4.1, 4.2, and 7.

COROLLARY 1 Suppose displacement is strictly between zero and one, 0 < D(z;) < 1, and endowments
in the Lucas tree are given by fn(z) = D(z) - fn(z), where fi(z) € (A" is iid. and has a
continuous density. Suppose further that 0 < d;(z) <@ for all j € J, z € Z and that aggregate output,
2ujes 4j(2t) + Xper en(2t), can be written as the sum of an i.i.d. component that has continuous density
over a compact subset of R, ; and of a Markovian component. Then assumptions 6, 4.1, 4.2, and 7 are

satisfied.

The corollary directly follows from Proposition 3 by constructing the dependence on the shock
components, 2g, 21, 22, as follows: First, D(z) depends on z; only—that is, we can write D(z) =

D(z1). Thus, the total amount of displacement is driven by the standard shock component. Second,
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fn(z) depends on zy only—that is, we can write fj,(z) = fn(20). Thus, the fractions of the new
Lucas tree that go to the different agents are driven by the purely transitory component of the shock.
Finally, we assume that Z]-GJ dj(2e)+ D pem en(zt) = Ti(21)+72(22), where 71(21) is a stochastic shock
to endowments and dividends that is persistent and 7(z2) is a transitory component of aggregate

output.

4.2 A neoclassical growth model with heterogeneous agents

We consider a one-sector stochastic production economy with infinitely lived heterogeneous agents
and we prove the existence of a recursive equilibrium with beginning-of-period cash-at-hand across
agents as endogenous state.

The H infinitely lived agents have time-separable utility over consumption, supply labor inelas-
tically, and decide each period how much to consume and how much to save in risky capital. To
emphasize that there is only a single consumption good, we now denote each agent h’s consumption
at t by cps. We allow discount factors to differ across agents and to be stochastic. Agent h’s
expected utility function is thus given by

0 ¢

Un((cnt)iZ0) = Eo [Z (H 5h(2k)> up (Zuch,t)] :

t=0 \k=0
At each node 2% agent h has a labor endowment I}, (2%) = I5,(2;), which he or she supplies inelastically
at the market wage w(z'). There is a storage technology that uses one unit of the consumption
good today to produce one unit of the capital good for the next period. We denote the investment
of household A in this technology by ay(2?) = 0 and the initial endowment in capital by ay(z7!) =
0, where >, gy an(z7!) > 0. At time ¢ the household sells the capital goods accumulated from
the previous period, ay(z'~1), to the firm for a market price of 1 + r(2!) > 0. The price of the
consumption good at each date event is normalized to one. The intertemporal budget constraint of

household A at node z? therefore reads
en(2) + an (") = L (ZHYw(") + (1 + r(2"))an(z""),  an(z') = 0.

For simplicity we assume that there are no financial markets. As in Section 3.4 the argument can
be extended to a model with financial assets and appropriate trading restrictions.

There is a single representative firm, which in each period t uses labor and capital to produce the
consumption good according to a constant-returns-to-scale production function F'(z;, K, L). Since
the firm maximizes profits, the rate of return on capital, 1 + r(z;), will always equal the marginal
product of capital, Fi(z, K, L), and the wage, w(z!), will equal the marginal product of labor,
Fr(z,K,L).

For given initial conditions, (zo, (ap (2_1))heH), a competitive equilibrium is a collection of choices

for households, (cj(2!), ap(2t))hen, and for the representative producer, (K (%), L(z!)), and prices,
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(r(2%),w(2!)), such that households and the firm maximize and markets clear—that is to say, for

all 2t

H H
L) = Y (), K=Y an(z). (11)
h=1 h=1

In order to use our analysis above to show the existence of a recursive equilibrium, we need to
reformulate Assumptions 1, 2, and 4. In Assumption 1 it is assumed that the agent has strictly
positive endowments in the consumption good and for Assumption 4 it is crucial to assume that
agents have endowments in the capital good (in every period). Instead, we want to assume that
agents only have positive endowments in labor. In order to prove the existence of a recursive
equilibrium and formulate a version of Assumption 4, we therefore need to redefine the endogenous
state. Instead of beginning-of-period capital holdings we will take “cash-at-hand” (i.e., the sum of
wages and returns to capital) across agents to be the endogenous state variable. Formally, we define

the cash-at-hand of agent h at 2! to be
(1) = (2D (et + (1+ r(z)an(=0).

This choice of state variable allows us to make natural assumptions on fundamentals. The analogue

to Assumption 1 is as follows.

ASSUMPTION 8

1. Labor endowments are bounded above and below: there are | > | > 0 such that for all z € Z and
allhe H,

i > lh(z) > [.

2. For all h € H the instantaneous discount factor is measurable in z and for any z € Z it satisfies

5h(z) € (0, 1).

3. The Bernoulli functions, up, : Z x Ry, — R, h € H, are measurable in =z and strictly increasing,
strictly concave, and continuously differentiable in c¢. For each z € Z they satisfy a strong Inada
condition: Along any sequence ¢ — 0, sup,cgz upn(z,c") — —o0. Moreover, utility is bounded

above—that is, there exists a u such that for all h € H, up(z,¢) < u forall z€ Z, ce R, ;.

%”’T(CZ’C). Instead of the rather abstract Assumption 2 we

To simplify notation we define u} (z,¢) =

now have the following.

ASSUMPTION 9
1. The production function, F(z, K, L) is measurable in z and continuously differentiable in (K, L).

2. For each z € Z, F(z,.) is concave and increasing in (K, L) and it exhibits constant returns to

scale.
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3. For each z € Z and for each L > 0 we have limg_,o Fx(z, K,L) = +00 and F(z,0,L) = 0, for
each K > 0 we have limy,_,o Fr(z, K,L) = 4o and F(z,K,0) = 0.

4. There is some K < +o0 such that F(z, K, Y., n(2)) < K for all K > K, and all z € Z.

Assumption 9 readily implies that in equilibrium aggregate production is always bounded above by
some % if the initial aggregate cash-at-hand is below ®. In applications researchers often assume
Cobb—Douglas production with a multiplicative TFP shock. This is consistent with our assumptions
as long as depreciation is positive at all shocks. Since aggregate labor used in production is a function

of the shock alone, we can write the production function and its derivatives as

H H H
f(z,K) = F(2,K, Y In(2)), fx(2,K)=Fr(z K, Y n(2), fu(zK) = Fi(z K, Y (),
h=1 h=1 h=1

Since we assume that agents have no endowments in the capital good, we need to make an
additional assumption to ensure that in any equilibrium aggregate capital is always bounded away

from zero. We make the following assumption.

ASSUMPTION 10 There is a K > 0 and an € > 0 such that for each agent h and all K > K,

inf [—u, (2,00(2) f(2, K) + §; fre (2, K) — K/H) +
Bz [0n(2") fi (2, K)uj, (2, fr (2, K)K/H + n(2') fL(2', K))]] > €.

Although this appears to be a complicated joint assumption on utility and production, it can
be verified as holding in standard settings. This assumption guarantees that aggregate capital
will always be above K. Together with the assumption of strictly positive labor endowments this
assumption also implies a lower bound on each individual’s cash-at-hand, which we denote by £ > 0.

We define the endogenous part of the state space to be

Kz{meRf:th<2R, and kp; = =k for all h e H} (12)

heH

NN

and assume, as above, that the shock space can be decomposed into three complete, separable metric
spaces, Z = Zg x Zy x Zy, with Borel o-algebra Z = 2y ® Z; ® Z5. For each ¢ = 0,1,2 there is
a measure [, on Z; and there are conditional densities 7,,(2(|z, 2}), 72, (21]2), and rs, (2|2, 2§, 2])

such that for any B € Z we have

P<Brz>=fz fz fz L ()7 (241 2 240 (25125 241 (2412 g () g (o)l (21).
1 0 2

To ensure continuity of the state transition in Assumption 3.1 we assume that the shock zy is
purely transitory, has a continuous density, and only affects agents’ endowments in labor. Moreover,
given z; and 2y, there is a Cl-diffeomorphism from Zg to a subset of possible labor endowments.
More precisely, we retain Assumptions 4.1 and 4.2 above and replace Assumption 4.3 and Assump-

tion 5 by the following assumption.
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ASSUMPTION 11

1. For each agent h, and all (z1,20) € Z1 x Za, (I(., 21, 22) ) nent is a C-diffeomorphism from Zg to

a bounded subset of Rff with a non-empty interior. All other fundamentals are independent of z.

2. Conditionally on next period’s 2}, the shock 24 is independent of both z{, and the current shock z.
Conditionally on 2, the measure yu.,(.|z}) is absolutely continuous with respect to some atomless
probability measure on Zy so that we can write the density as r,,(25|z, 2}, 2]) = 72, (25]2]).

Moreover, f(z, K) does not depend on zo and, for each agent h, l;,(z) does not depend on zs.

We thus assume that d;,(z;) and wup(z¢,.) can possibly depend on zo. Moreover, the probabilities
over future realizations of z; can clearly depend on z9. In this case, zo can be interpreted as a “news
shock”.

As above, we can now take the state-space to consist of shocks 1 and 2 as well as the endogenous
state. That is to say, we take

S=Z1XZ2><K

with Borel o-algebra &. We have the following theorem.

PROPOSITION 4 Under Assumptions 8, 9, 10, 4.1, 4.2, and 11 there exists a recursive equilibrium.

The proof of this proposition is along the lines of the proofs of Proposition 2 and Theorem 1.
However, since we define the endogenous state differently, some key parts are different. A complete
proof can be found in the appendix.

As for the case of the Lucas tree model, it is useful to give one concrete specification of shocks

that satisfies our assumptions.

COROLLARY 2 Suppose each agent’s labor endowments can be written as the sum of an i.i.d. component
that has a continuous density over a compact subset of R, and of a component that depends on some
shock z, that follows a Markov process. Also suppose that production functions and utility functions
depend on this shock z;. If there exists a shock z2 that is independent of the past realization of (z1, z2)
but might depend on the current z1, and if this shock does not affect any fundamentals except possibly

discount factors, utility, and transition probabilities then the Assumptions 4.1, 4.2, and 11 are satisfied.

5 Conclusion

We prove the existence of recursive equilibria in general stochastic production economies with in-
finitely lived agents and incomplete markets. In order to do so, we have to make some nonstandard
assumptions on the stochastic process of economic fundamentals.

Most importantly, we need to assume that there are atomless shocks to fundamentals. In

contrast, in many applications exogenous shocks follow a Markov chain with finite support. However,
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such a discrete-shock process is often just an approximation to a true data-generating process with
atomless innovations (e.g., following Tauchen and Hussey (1991)). In this case, one should be more
concerned with the existence of an epsilon-equilibrium of the discrete-shock model and its relation
to an exact equilibrium for the continuous-shock model. This question can only be posed if the
existence of an exact recursive equilibrium can be guaranteed.

In addition, we need to guarantee, by Assumption 4, that agents’ current choices lead to a non-
degenerate distribution over the endogenous state next period. This is in contrast to many standard
models in which current choices pin down next period’s endogenous state deterministically. In
stochastic games, however, it is well known that a so-called deterministic transition creates problems
for the existence of Markov equilibria (see, e.g., Levy (2013)).

Moreover, Levy and McLennan (2015) provide an example of a stochastic game that illustrates
that continuity assumptions along the line of our Assumption 4 are not sufficient to guarantee the
existence of a Markov equilibrium and that a version of Assumption 5 is needed as well. Our
stylized example of nonexistence in Section 2.3 violates Assumptions 4 and 5 above.l® To see that
Assumption 5 does not suffice to ensure existence, note that a special case of the assumption is
to assume that one component of the shock does not affect fundamentals (a sunspot) and is i.i.d.
with atomless distribution. Equilibrium prices may then depend on the realization of this shock,
but irrespective of what one assumes about the distribution of prices, the same argument as in
Section 2.3 implies that there can never be an equilibrium with positive storage. Zero storage,
however, entails that—independently of the realization of the sunspot—the price in shock 3 is
uniquely determined by the shock in the previous period, implying the nonexistence of a recursive
equilibrium. In contrast to Assumption 5, one can easily verify that Assumption 4 restores existence
in the example.!! As long as there is a non-atomic shock to the endowments of the capital good a
recursive equilibrium exists in our example. If one considers a sequence of economies along which
the variance of the shock converges to zero one can obtain the existence of a competitive equilibrium
in the limit, but this equilibrium is not recursive.

While we have to make some strong assumptions, our paper provides the only result in the liter-
ature that ensures the existence of a recursive equilibrium in any variation of the model. Therefore,
even if the assumptions do not hold for a specific tractable formulation used in an application, it
is useful to understand under which additional assumptions existence can be obtained. It is the

subject of further research to examine whether the general existence of a recursive equilibrium can

107t also violates Assumption 1, yet it is easy to see that Assumption 1 alone cannot restore existence in the

example; the specific endowments and preferences were simply chosen to make the examples as simple as possible.
"Unfortunately, there are many other perturbations to fundamentals that also restore existence. As Citanna and

Siconolfi (2008) point out (for OLG economies, but the argument also applies to examples of nonexistence in economies
with infinitely lived agents), all examples for which the economy decomposes into several two-period economies suffer
from the shortcoming that they are not robust—perturbations in endowments restore the existence of a recursive

equilibrium.
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be established without some version of Assumptions 4 and 5.

Appendix: Proofs

Proof of Proposition 1.
Note that if the conditions in the lemma are satisfied then there exist ((Zpt, Qnt)ner, Dt)ieg such
that markets clear, budget equations hold, and there exist multipliers v (2!) and &,(2) such that

the following first order conditions hold for each agent h € H and all 2%.

Dayup (2, (1) — vp(2)p(2) + &(2Y) = 0 (13)
jh(zt) 1 fh(zt) > 0 (14)
an(z") L (—Vh(zt);ﬁ(zt)A%(zt) + 0E [I/h(th)ﬁ(zHl)A,ll(th)]) > 0. (15)

It suffices to show that these conditions are sufficient for (Z+, @) to be a solution to the agents’
infinite horizon problem. Following Duffie et al. (1994), assume that for any agent h, given prices,
a budget feasible policy (Zp¢, @) satisfies (13)-(15). Suppose there is another budget feasible
policy (xp¢, o). Since the value of consumption in 0 only differs by the value of production plans,

concavity of up(z,.) together with the gradient inequality implies that

\%

up (20, 21(2°)) + Datn (2, Tn(2°)) (24 (2") — 24(2")) (16)
> up(20, 2(2%) + v (20)D(2°) (2 (%) — 24(2°))

un (20, 24(2°)) + v (2°)p(2°) A (20) (an (%) — an(2")).

up (20, 2p(2°))

We show by induction, that for any T it holds that

Eq [Z 5tuh(zt,xh(zt))] > E [ztlo 5tuh(zt,xh(zt))] +Eo [X 0y Otun (2, 2 ()] + (17)
t=0
6" Eo (v (2" )p(2") A (2r) (an(2T) — an(2"))] .-

By (16), this inequality holds for T" = 0. To obtain the induction step when &; > 0, we use the first

order conditions to substitute dE i1 [Vh(zt)ﬁ(zt)a}lj (z) (o (z071) — &hj(zt_l))] for

tfl) t71>

v (2 Hp(2" g (ze1) (o (271 — ang(2'71),
and then apply the budget constraint and the law of iterated expectations. When &; = 0, it is clear

that o; > a; and since
OBt [ (=)p(=")al; (20)] = v (= )p(= )l (2o ),

the induction step follows.
The second term on the right hand side of (17) will converge to zero as T — o0 since uy, is

bounded above by Assumption 1 and below for the following reason: Mp;(s) = %ﬁm") is bounded
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above, thus by the strong Inada condition x; is bounded below by some z;, and therefore utility is
bounded below by up(z;,0,...,0). The third term will converge to zero because the M-functions

are assumed to be bounded above and production is bounded by Assumption 2. []

Proof of Lemma 1.

The proof is analogous to the proof of Lemma 1 in Duggan (2012). [

Proof of Lemma 2.

For any M € M? and s = (z,k) € S, we define the following compact sets:

Y(s)={yeY(2):y+ ). (en(2) + rn) > 0},
heH

~( ) _ {l’h eC: §:L'h — Z (eh(z) + /{h) € Y(Z),l’hl = QM},
heH

A ={apeR]: fulz)+ Y ah;(2)an; < 2 for all he H,l e L, 2’ € Z}.
jedJ

The lower bound on consumption in good 1, ¢;7, in the definition of C(s) will generally be different
from c as defined in Section 3.1, but for any given M its existence is guaranteed by Assumption 1.
To ensure compactness of A it is without loss of generality to assume that for each agent h and
each storage technology j there is a commodity [ and a shock 2’ such that a,lhl’ j(z’ ) > 0. If this is
not the case, it is always optimal for all h to set oy ; = 0.

For a given 1 > 0 we define the truncated price set AL l={peRL Zl 1o =1,p1 =n} and
for each agent h = 1,..., H the choice correspondence

@Z : A#‘l x 2 =2 C(s) x A.

@Z(p, o) =arg  max  EM(s,xp,ap,a%) st
2heC(s),apeA

—p - (zp —en(z) — kp + A%(z)ah) =0

By a standard argument, the correspondence ® is convex-valued, non-empty valued, and upper-

hemicontinuous. Define the producer’s best response CDf;I +1 . qu =3 ?(s) by

<I>717{+1(p) = arg max p-y
yeY(s)

and define a price player’s best response,

@2 S (C(s) x A xY(s) 2 A#il
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®)((xh, an)her, y) = arg max p- (Z (xh — en(2) — ki + A (2)ap) — y) :
p heH

n
It is easy to see that this correspondence is also upper-hemicontinuous, non-empty, and convex

valued. Finally, define
o2 Al 5 =

JRE QL]

by
P72 (q) = arg min |a — o|fs.
a*el
H+1
By Kakutani’s fixed-point theorem, the correspondence < X @Z) x ®H+2 has a fixed point, which
h=0

we denote by (Z, &, g, a*, p).
Since by budget feasibility we must have

p- (2 (@ — en(2) — kn + A} (2)an) — y) <0,

heH
optimality of the price player implies that for sufficiently small 1 > 0 the upper bound imposed by
requiring x € C(s) and the upper bound on production will both never bind. Consumption solves
the agent’s problem for all z € C and production maximizes profits among all y € Y (z). In addition,
Assumption 2 implies that the upper bound on each «j, cannot be binding and that in fact @ = a*.
Finally, there must be some ¢ > 0 such that for all < € the fixed point must satisfy that p; > e.

This is true because all commodities must either be consumed, used as an input for intra-period

production, or stored. If p; < e there must be some other commodity [ # 1 with % > (I}:f)e. But for
sufficiently small € > 0 the (relative) price of this commodity is so high that it is not consumed—
because marginal utility of good 1 is bounded away from zero in é(s) and marginal utility of
commodity [ is finite (as utility is assumed to be continuously differentiable on C = R4 4 x R_Lfl).
Furthermore, good [ can neither be used for (constant-returns-to-scale) intratemporal production,
nor for (linear) storage—the agent who stores it could eventually increase his utility by selling a
small fraction of this commodity and increasing his consumption of commodity 1. Therefore there

is some € > 0 such that for n < € the price player chooses a price with p; > € and a standard

argument gives that

This proves the lemma. []

Proof of Lemma 3.
For given s € S the set of allocations x € REL, a€E, yeY(z), and prices p e AL~ satisfying (6),
(7), and (8) can be described as solutions to a system of equations and inequalities, compare the

proof of Proposition 1. Moreover, the correspondence s 3 N;(s) is (non-empty) compact-valued.
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Applying results from Chapter 18 in Aliprantis and Border (2006) and Himmelberg (1975), it is
easy to show that the correspondence s 3 P;(s) is weakly measurable.

By the selection theorem of Kuratowski and Ryll-Nardzewski, P ;; has a measurable selector (see
Theorem 18.13 in Aliprantis and Border(2006)). Consequently, the map M = R (M) is non-empty
valued, and obviously it is also convex-valued. Take M"™ — M as n — o0, M™*, M € M and v"* — v
such that v™ € R®(M™) for each n. We assume that both sequences converge in the weak* topology
o(L%, LT). We need to show v € R(M). Since for a given s each EM(s,.) is jointly continuous
in (z,a,a*) and M and since the equilibrium conditions can be expressed as weak inequalities
the correspondence M = Pjs(s) has a closed graph. Theorem 17.35 (2) in Aliprantis and Border
(2006) implies that the correspondence M =3 P§}(s) has a closed graph as well. Moreover, since
S is a finite measure space Mazur’s lemma implies that there exists a sequence 0" of finite convex
combinations of {vP : p = 1,2, ...} such that some subsequence 0" converges to v almost surely, i.e.,
0™(s) — v(s) for every s € S\S; where the set S; is of measure zero. Given the closed graph of
M =3 P9} (s) we must have that for any e > 0, for sufficiently large n the set P4}, (s) is a subset of
an e-neighborhood of P47 (s). Therefore for any € > 0 there is a ko such that for all k£ > ko, 0x(s)
is within an e-neighborhood of P§}(s). Therefore v(s) is in an e-neighborhood of P¢}(s) but since
€ is arbitrary we must have v(s) € P55 (s) for any s € S\Sy. This proves that R® : M =3 LT has a

closed graph. Similarly it can be shown that M =3 R(M) is weak™ closed-valued. []

Proof of Lemma 4.

Assumption 3 states that there is a sub-g-algebra G of S such that S has no G-atom. Defining
I}g,g ={E[f|F] : f is an S-measurable selection of F'},

it follows from Theorem 5 in Dynkin and Evstigenev (1976) that since S has no G-atom, it must
hold that Iﬁ’g = Ii’(gF). Therefore, for each measurable selection of F¢°, M, there is a measurable
selection, M, of F such that E[M|G] = E [M |Q] Therefore we must have for each h and all (s, «)
that

f My(s') AL (#)dQ(s']s, a) = j Mi(s') AL (2')g(s |5, ) dA(s') = f E [ My Al gs oG] dA(s)
S S S

Il

| B D11 4405 5, 00N = | B [31216] 44()al s, a)a(s)
S S
= | A ka0 s ).
S
This proves the result. []
Proof of Lemma 5.

The proof of Lemma 2 implies that there exists some ¢ such that whenever ((xp)pem,p) € Nz (s)

for some M € LI and some s € S then z; < ¢ for all h,l. This, together with Assumption 1
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implies that there is an € > 0 such that if (z(2?)) is the consumption choice of some agent in any

competitive equilibrium then

up(zt, 7) + B Z Stup (2044, (1 — e);c(zt“'))] > E.. [Z Siun(zees 2 (27) | |

i=1 =0

where & = (x1(2%) + 1, (1 — €)x2(2Y),..., (1 — €)xL(2!)). An upper bound on relative equilibrium
prices of goods that are not used as inputs to intra-temporal production is then given by &; if
the price of any commodity relative to good 1 is above this threshold, then some agent can sell
a fraction e of this commodity, consume one unit more of commodity 1 and increase his lifetime
utility. Assumption 2 implies that the relative price of any input to production is bounded above
by the zero profit condition. Taken together this implies that there is some p" such that in any
competitive equilibrium it must be that 1% < %p“.

Define a weak* compact and convex set
M = {Me L : My <m, My <p'm, l=2,...,L a.s. for all h e H},

where m is defined in (1). For any set M < L define a correspondence s =3 P§3(s) by

P31 (s) = conv ( U PM(S)) for all s€ S,

MeM

and denote by R (M) the set of measurable selections of P{;. We construct the set M* inductively
by defining, for each i = 0,1,2..., M'*! = R®°(M*) n M.

Note that by the construction of M? and by Lemma 4 any element of M, if it exists, consists of
equilibrium marginal utilities for an artificial (i + 1)-period economy where in the last period agents
have some continuation utility M° e MO,

Defining M = 0, it is clear from the above construction of M that whenever M! € R®(M?)
we must have M! € M°. From the above argument it follows that whenever M? € R®(M!) we
must have M? € M, and in fact that each M? defined recursively in this manner will lie in MO,
Therefore each M’ is non-empty. Obviously each M is also convex. By the same argument as in
the proof of Lemma 3 each M’ is weak* closed and hence as a subset of MY it is weak™ compact.
Obviously we have M! < M and if M! ¢ M/~ ! it must follow that M‘*! < M. Therefore we
must have for any ¢ = 0,1, ... that for all M € M?

R(M) nM° c M".

Assumption 1, together with discounting and the construction of the upper bound p* guarantee
that for T sufficiently large, if M € M there can be no solution to (6), (7), and (8) with 21 < 3¢, or
with z% > p% for some | = 2, ..., L. Therefore we have R®(M) < M and we can take M* = M’
[
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Proof of Lemma 6.
We first show that under Assumptions 4 and 5, Q(.|s, ) satisfies Assumption 3.1. By Assumption
5, it suffices to show norm-continuity for the marginal transition function on &, i.e., that for any
0

—
[SE)

sequence o € E with " — «
sup |Qs(Bls, a™) — Qy(Bls, a’)| — 0
BeS

for all s € S. To show this, we first define for given (z, z}) € Z x Z; and a € E a C'-diffeomorphism
9(z,2, o) that maps Zo into its range I_((Z,Z/Pa) = g(z,tha)(Zo) c K with g(z7zfl,a)(z(’)) = (fn(z,21) +
Al (21)an)nen and a density

re(K']2, 2, a) = 20(9(eszg a0 ()12 20) |00 ) (W) 53 20 9z 2 (20) = 7

0 otherwise,
where |J(-)| denotes the determinant of the Jacobian.
Denoting by u,; the Lebesgue measure defined on the o-algebra of Borel subsets of K, for Be S

0 e =Z, we have

and "™ € E with o — «

QQ(BLS’ O‘n> = fz fz 1p [Zi, (fh(zl) + A}L(z/)az)hEH] T2 (z(/)|z7 Zi)rm (le‘z)duzo (Zé)d/m (zi)

= fz L lp [Zivg(zvzaw(zé)] Pao (2012, 23)7s (2412) dptzg (20 dpiz, (2))
1 0

j f ) 1 [2), 6] ra ()2 2}, )7, (2412 e () iz, ()
Z1 JK

(2,2 ,am)

||t T Tz 0 o ) (o e 31
Z, JK
= [ 20 G i, (),

B

where we used Fubini’s theorem for the first equality and the change of variables theorem for the
third equality. Since (f5(.,2])))ser is @ C'-diffeomorphism, the set (f;,(0Zo, 2})) g is of measure
zero and it follows that 7. (k’|z, 2], a™) — rx(K'|2, 2},a") for almost all x’. By Scheffe’s lemma we
then obtain norm-continuity.

For all (s, ) the marginal distribution of Q(.|s,«) on S is absolutely continuous with respect
to the product measure n = g, X p,, and has a Radon-Nikodym derivative ¢s(21,r’|s,a) =

re(K'|z, 21, a)r, (2]]2). Defining the measure A(.) by

A(B) = L L 15[, 20 (221 )dpizy (22)dd ()

and taking G = S® {J, Z2}, Assumption 5 together with Proposition 2 in He and Sun (2017) then
implies that Q(.|s, «) satisfies Assumptions 3.2 and 3.3. []

33



Proof of Proposition 4.

Define

E={ac Rf : (Ozth(Z/7Zai) + lh(zl)fL(z',Zai)) e K for all 2/ € Z}.

heH
Our definition of K implies that for any sequence of k(z2!) € K each individual’s budget-feasible
consumption must be bounded above and hence there is a lower bound m > 0 on each individual’s
marginal utility. Moreover, for any such a sequence an individual will have income bounded away
from zero and by the same argument as in Section 3 there is an upper bound on marginal utility,
which we denote by m. As in Proposition 1 we can characterize competitive equilibrium by marginal
utilities.!? For this, let M be the set of functions in L7 that are essentially bounded below by m.

Given any M = (M*,..., M) e M we define

EIJLV[(Sﬁ Ch, ah704*) = uh(zv ch) + 0E4 [Mh(sl)ff((zla Z a;k)ah] (18>
i€eH

with

s’ = (z/, (a,’:fK(z',Zaf) + lh(Z/)fL(Z,,Za;k)> ) :
i ( heH

Proposition 1 then implies that a recursive equilibrium exists if there are functions M : S — Rf ,
M e M, such that for each s = (z, k) € S there are choices (¢, ay,) for each agent h €e Hwith a € B,

Mp(s) = uj, (2, ) and

(én,an) € arg max  EM(s cp,ap,a)s.t. (19)
ch€R4 4 apeR4

c— Ky +ap <0.

As above the exogenous transition probability P implies a transition probability Q(.|s,«) on S.

Under Assumption 4.1, 4.2 and Assumption 11, Lemma 1 holds as in Section 3. We define
P(s) = {(up(z, Eh))heH : da € E such that (¢, @) solves (19) for each h}.

While this correspondence is not guaranteed to be non-empty valued, we can define P{ by requiring
P (s) = conv (P(s)) for all s € S. Let R(M) be the set of (equivalence classes of) measurable
selections of P 7, and R (M) the set of measurable selections of P¢}. Note that for any M < M
this defines a (possibly empty-valued) correspondence R : M =3 L. As in Lemma 3 for each

M € M, the correspondence P ;(s) is measurable.

1211 this setting, we could equivalently use agents’ investment policies instead of marginal utilities as the unknown
functions. However, in the general setting above, with several goods and several types of capital this is no longer an

option.
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To show that there exists a (non-empty) convex and weak* compact set M* < M such that

R (M) is non-empty and R (M) < M* for all M € M*, define a weak* compact and convex set
1
MO:{MeLg‘:iméMhéwh a.s. for all h e H}.

For any set M < M define a correspondence s =3 P (s) by

P{1(s) = conv ( U PM(3)> ,

MeM

and denote by R°(M) the set of measurable selections of P{;. We construct the set M* inductively
by defining for i = 0,1,2..., Mi*! = R®(M?) n M?. Note that by the construction of M’ and by
Lemma 4 any element of M’ consists of equilibrium marginal utilities for an artificial (i + 1)-period
economy where in the last period agents have some bounded continuation utility M° € M?. Defining
foreach h = 1,..., H, M = u}(z, ), it follows from Assumption 10 that P o (s) is non-empty for
every s and therefore, using Lemma 4, it follows that R®(M?) is non-empty. Moreover, it is clear
from the construction of M? that whenever M' € R®(M") we must have M' € M". Therefore M!
is non-empty. From the same argument it follows that there is some M? € R®(M?) with M? e M"
and recursively that for each i there is M* € R®(M*!) with M? € M. Therefore each M’ is
non-empty. Obviously each M’ is also convex. By the same argument as in the proof of Lemma 3
each M’ is weak™ compact. Obviously we have M! ¢ My and if M! c M/~ ! it must follow that
Mi*tt = M. Therefore we must have for any ¢ = 0,1, ... that for all M € M?

R(M) nM° c M".
Assumptions 8-10, together with discounting guarantee that for 7' sufficiently large, R (M)
must be non-empty for all M € M’ and if M € R®(M) then M € My. Therefore we can take

M* = M”. Having constructed a set M* on which P (s) is non-empty valued for all s the rest of

the proof is identical to the proof of Proposition 2. []
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